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Abstract 



We construct a f 2 ^] + 1 parameters family of irreducible representations of the 
Braid group B3 in arbitrary dimension n £ N, using a q— deformation of the Pascal 
triangle. This construction extends in particular results by S.P. Humphries [8], who 
constructed representations of the braid group B3 in arbitrary dimension using the 
classical Pascal triangle. E. Ferrand [7] obtained an equivalent representation of 
B3 by considering two special operators in the space C n [X]. Slightly more general 
representations were given by I. Tuba and H. Wenzl [11]. They involve pa- 
rameters (and also use the classical Pascal triangle). The latter authors also gave 
the complete classification of all simple representations of B$ for dimension n < 5. 
Our construction generalize all mentioned results and throws a new light on some 
of them. We also study the irreducibility and the equivalence of the representations. 

In [17] we establish the connection between the constructed representation of 
the braid group B3 and the highest weight modules of {/(sfa) and quantum group 
U q (sl 2 ). 
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1 Introduction 

Let B 3 be Artin's braid group, given by the generators <j\ and cr 2 and 
the relation aia 2 (Ji = a 2 <Jicr2 [5]. Let C be the field of complex numbers, 
N := {0, 1, 2, ...} and let Mat(n, C) be the set of complex n x n matrices. We 
construct irreducible representations of the braid group B 3 in the space C n+1 
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for an arbitrary nGN using the q— Pascal triangle, i.e. the q— deformation of 
the usual Pascal triangle. 

Let ( fc ) , k, n £ N be the q— binomial coefficients (see the definition in Section 
2). For the matrix A = (ak m )o<k,m,<n £ Mat(n+ 1, C) we set A$ = (afj) where 
a\j = a n -i in -j. In all sections except Section 9 we index row and columns of 
the matrix A £ Mat(n + 1, C) starting from 0. For any nonzero q £ C let the 
matrix A n (q) and the numbers q n be defined as follows: 

A n (g) = diag (q r n)r=o , where q rn := 9r9w ~ r = g -(n " r)r and q n = g L ~2 J_ , n £ N. 

qn 

(1) 

For an arbitrary n £ N and a complex diagonal matrix A = diag(Ao, Ai, A n ) 
we define our representation of the group B 3 in the space C n+1 by 
following formulas 

<J\ i-> of := a x {q, n)A and ct 2 i-> a£ := A tt <r 2 (g, n) = A\a^\q-\ n))\ (2) 
where ai(q,n) = (cri(q,n) km ) <k,m<n and cr 2 (q,n) are defined by 

(Ti(q,n) km = <ri{q)km = (n-m) , < /c, m < n, cr 2 (g, n) = (cr^^g -1 , n))', 

(3) 

(as usually, we set (k) q — f° r k > n), and the matrix A = A n satisfies the 
following condition: 

A A n A n (g) = A n Al or A A n = A r A n _ n < r < n. (4) 

gn 



The aim of this article is to show that formulas ([2]) give an +1 parameters 
family of B 3 representations in dimension n+1, for any n £ N (Theorem 1) 
and study the irreducibility (Theorem 3,4) and the equivalence (Theorem 5). 

In Section 2 we introduce the main objects and give the main statements. In 
Section 3 we present the result of S.P. Humphries pj] who has constructed a 
representation of B 3 equivalent with the particular case of our representation 
when q — 1 and A = I 

en h-> o-i(l,n), a 2 h-> o- 2 (l,n). (5) 

In his representations the classical Pascal triangle plays a basic role. In Section 
4 we mention the result of E. Ferrand [S] who has constructed a representation 
of B 3 equivalent with the representation (jSJ). For this E. Ferrand has considered 
two operators $ : p(x) i— > p(x + 1) and ^ : p(x) h-> (1 — £)"p(tz-) i n the space 
C n [X] of the polynomials of degree < n satisfying the relation = 
The g— analogue of the mentioned results is given in Section 13. 
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In Section 5 we show that this representation is closely connected with the 
morphism p : B 3 i— > SL(2, Z) (see (133]) below) and the nth symmetric power of 
the natural representation 71 : SL(2, Z) 1— > SL(2,Z). Section 6 recalls shortly 
the results of I. Tuba and H. Wenzl Firstly, they showed that 

a x ^ oi(l, n)A, ct 2 A^ 2 (l, n) (6) 

is a representation of B3 in arbitrary dimension n + 1 if A r A n _ r = c for some 
constant c (see Remark 6.2, Section 2). Secondly, they gave the complete 
classification of all irreducible representations of B 3 for dimension < 5. 

Our motivation for the present study was to generalize the results and formulas 
of the mentioned authors to the case of an arbitrary dimension n G N. We have 
realized that not only the classical Pascal triangle may be used for constructing 
of the representations of B 3 but also the q— deformed Pascal triangle. The 
conditions X r \ n - r = c on A in the classical case should be replaced in the 
deformed case by some rather nontrivial conditions (see PJ) connecting the 
matrix A with some canonical diagonal matrix A n (q), depending on q and 
n. We prove that the representations of B 3 given by (j2J) coincide with the 
representations of I. Tuba and H. Wenzl [T3] for n — 4, are equivalent with 
them for n — 2, 3, 5, and generalize them for an arbitrary dimension n (Remark 
6.3, Section 2). This is explained in Section 10. 

In Section 7 we present the results of S.P. Humphries and the results of I. Tuba 
and H. Wenzl in a form which is convenient for our extensions. In Section 8 
we show how the Pascal (resp. q— Pascal ) triangle appears as the operators 
expTi (resp. exp^Tj^)) associated with some operators 7\ (resp. T^). The 
irreducibility and the equivalence of our representations (Theorem 3, 4 and 5) 
are studied in Section 9. 

In Section 11 we give the proof of the Theorem 1 i.e. that (j2j) is a represen- 
tation. In Section 12 we prove some combinatorial identities for q— binomial 
coefficients. These identities are an essential part in the proof of the Theo- 
rem 1. They generalize the well-known combinatorial identities for classical 
binomial coefficients (see [10]) used by S.P. Humphries to prove that (jSJ) is a 
representation of B 3 . 

Let us also mention that in the article of S. Albeverio and S. Rabanovich 
[2] a class of unitary irreducible representations of B% by n x n matrices for 
every n > 3 was constructed. Using tensor products of these representations 
and the reduced Barrau representations [T2] these authors also find a class of 
irreducible unitary representations of S 4 . 

In [9] E.Formanek et al. gave the complete classification of all simple repre- 
sentations of B n for dimension < n. To know more on the braid groups and 
its applications see [5117] . 
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2 Main objects 



The Pascal triangle consists of the binomial coefficients (jj) := C*, fc.nGN, 
defined by 

:= — — — — , < k < n, C k n = 0, k > n, where n\ = 1 • 2 • ... • n. (7) 
fc!(n — k)! 

We recall that the binomial coefficients may also be defined by induction, 
using the relations 

C° n = C: = l, neN, C k n+1 = Ct 1 + Ct \<k<n. 



We also consider the q— Pascal triangle consisting of q— binomial coefficients 
(£) 9 = C*(g), < k < n, neN defined as follows (see [5H3II2II5] ) 

{l) q --=C k n {q) = - [ q]q \ ,0<k<n, C k n (q) = 0, k > n, (8) 



where (a; q) n denotes the standard g— shifted factorial [3flfT5] 

(a; q) n = (1 - a)(l - ag)(l - ag 2 ) ... (1 - ag"" 1 ). (9) 

The g— binomial coefficients were first studied by Gauss and have come to 
be known as Gaussian polynomials (see [31 Ch. 3.3 ]). Another definition [HI 
Ch.IV.2] of the Gauss polynomials is following. For any integer n > we define 
the associated q— integer (n) q by 

1 — a n 

(n) q = l + q+"- + ^ 1 = —^-. (10) 

1 - q 

Define the q— factorial of n by (0)! g = 1 and 

Ml. = (1), (2), . . . („), = ^feM^l , (11) 

when n > 0. We define the Gaussian polynomials for < k < n by 

They can also be defined recursively, using the following relations ( [HI 
Ch.IV.2], see also [13J) C°(g) = C"(g) = 1, n E N : 

c*+.i(g) = cj-'fa) + 9*cJ(9), c n fe +1 (g) = g^c^-^g) + c k n ( q ), i<k<n. 

(13) 
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We can also obtain the Gaussian polynomials in the following way. Let us set 



(1 + xf q := (1 + x)(l + xq)(l + xq 2 ) . . . (1 + xq^ 1 ). 
We have (see [3]) 

(i + ^ = E^ (r - 1)/2 c fc r (?K = E? r 



(14) 



r=0 r=0 

As an example we make explicit the corresponding q— Pascal triangle for n = 5: 

i 



1+9 



1 



1 (l+9)(l+9 2 ) (l+q 2 )(l+qW) C\{q) 1 



1 l+q+q 2 +q 3 +q' 1 



(i+ q 2 )(i+q+q 2 +q 3 +q 4 ) 



Cf(«) C s 4 (g) 1 



Notations. For annxn matrix A = (a^) we set A* (resp. A s and A") where 

A (fl ( j) • ^jU (resp ^4 (cijj), o^. a n —j n — A^ (g^-), fl n _j n _j). 

(15) 

The operation A ^ means composing the transposition with respect to the 
main diagonal (A. — > A*) with the transposition with respect to the auxiliary 
(subsidiary) diagonal (A -> A s ) i.e. A* 1 = (A*) s = (A 5 )*. 

Let us consider the (n + 1) X (n + 1) matrix 5(g) defined as follows: 

5(g) = (S(g) fcm ), where 5(g) fcm = g fc 1 (-l) fc flfc+ m ,„, S : = 5(1), (16) 

/ 
o 

S(q) = o 

o o o/ 



(J" 1 
-g" 3 



l (n-l)n 
\ (-!)"<? 3— 











.. 
.. 








-1 


*\ 


and S = 








.. 

.. -1 


1 
















-1)™ 














Theorem 1 Formulas (Hp define a representation of B% in the space C n+1 for 
an arbitrary n G N i.e. 



moreover 



farV 1 ))!™ 



a?a*at = a£a?a* = X X n S(q)A 1 

0, if < k < m < n, 

:-l) k+m qk- m CT{q- 1 ), ifU<m<k<n. 



(17) 



Remark 2 1. Let us set 



D n (q) = diag(g r )^ =0 . 



(19) 
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We have by (QJj and IfTb)) 

A(g) = q- x D n (q)Ei(q\ S(q) = D?(q)S, (20) 

so if we take A = D n (q) or A = D^(q) the relation ^ is satisfied, hence 

a x i-> of (q,n) := ffi(g,n)D*(g) and <x 2 i-> <rf (g, n) := D n (q)a 2 (q, n) 

(21) 

a/so groes a representation of the braid group B 3 . 

2. The general form of the matrix A n satisfying is following: A n = D^(q)A' n 
or An = D n {q)A' n where A' n = diag(A(,, A' 1; X' n ) with A'^A'J" = cl for some 
constant c. 

Using Remark 2 we shall write our representation in the following form 

a x i-> <r£(q,n) = a 1 (q,n)D' i n (q)A n , a 2 i-> a£(q,n) = A\ l D n {q)a 2 {q, n), A n A[ = cl. 

(22) 

Definition. We say that the representation is subspace irreducible or ire- 
ducible (resp. operator irreducible^ when there no nontrivial invariant 
close subspaces for all operators of the representation (resp. there no non- 
trivial bounded operators commuting with all operators of the representation) . 

Let us define for n, r, q, X such that n £ N, < r < n, AG C™ +1 , q G C the 
following operators 

F r>n (q, X) = exp (9) (j2(k + l) q E kk+1 ) - q n ^.Xr{D n (q)A{)- 1 , (23) 
\fc=0 / 

where exp (g) X = ^ =0 X m /(m)! 9 . For the matrix C G Mat(n + 1,C) we 
denote by 

Mil%:%(C), (resp. A?£;%(C)), < h < ... < i r < n, < j t < ... < j r < n 
its minors (resp. the cofactors) with zi, z 2 , ...,i r rows and ji,j2, ■■■,jr columns. 



Theorem 3 The representation of the group B 3 defined by l[22)) have the fol- 
lowing properties: 

1) for q = 1, A n = 1, it is subspace irreducible in arbitrary dimension n G N; 

2) for q ^ 1, A„ = diag(Afc)£ =0 ^ 1 it is operator irreducible if and only if for 
any < r < | there exists < i < i$ < ... < i r < n such that 

M;Xt+ 2 r.- 1 (^n(g ) A))/0; (24) 

3) for q 1, A n = 1 it is subspace irreducible if and only if {n) q ^ 0. 
The representation has + 1 free parameters. 
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Let us denote by <r A (q,n) the representation of B 3 defined by ([22]) . 

Theorem 4 The representation a (q,n) is subspace irreducible for n = 1 if 
and only if A x ^ A (l, a) where a 2 — a + 1 = 0. 

Problem. To find a criteria of the subspace irreducibility for all representa- 
tions a (q,n). Some particular cases are studied in Section 8. 

Theorem 5 If two represenations a A (q,n) and o~ A ' \q' , n) are equivalent i.e. 

a A (q,n)C = Caf(q',n), . = 1,2 

for some C G GL(n + 1,C) then q/q' = 1 for n = 2m and (q/q') 2 = 1 for 
n = 2m — 1. 

Remark 6 1. In the particular case where A = I and q = 1 Theorem 1 gives 
the result of S.P. Humphries 07] / (see Section 3). 

2. When q = 1 and A = diag(Ao, Ai, X n ) we obtain the example of I. Tuba 
and H. Wenzl IWf (see Section 5, Example 1). 

3. The representations of B 3 given by |Hj] coincide with the representations of 
I. Tuba and H. Wenzl J7P]/ for n = 4, are equivalent with them in the dimension 
n = 2, 3, 5, and generalize them for an arbitrary dimension n. 

4- Using Theorem 3 and 4 we give in Section 9.5 examples of representations 
of i?3 that are operator irreducible but are subspace reducible. 

Theorem 7 In particular using result of ITIty (Sections 2.4-2.7) we conclude 
that all irreducible representations of B 3 for dimension < 5 are given by |Hj). 



3 Pascal's triangle and representations of B 3 . Results of Humphries 



Following S.P. Humphries [TT], for fixed n > 1 we let Sj = £i(n) and 
£2 = ^(n) (respectively) be the following (n + 1) x (n + 1) lower and upper 
(respectively) triangular matrices: 



1 

1 1 
1 2 1 

13 3 1 

14 6 4 



V(o) (?) (2) (3) (4) (n)J 



:s) (3) (5) (?) (o A 



14 6 4 
1 3 3 
1 2 
1 
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(Thus we make the convention that a blank indicates the zero entry). Let 
E = E n be the (n + 1) x {n + 1) permutation matrix corresponding to the 
permutation (On)(ln — l)(2n — 2).... S.P. Humphries shows that 



gives a representation of .83 using the following lemmas. 
Lemma 4.1 We have EYj 1 E~ 1 = E 2 . Further 



(25) 



^2 



'(») ... (-if- 4 u) (-ir 3 (s) (-ir 2 (i) 


[-ly^Hi) (-i)" 




1 -4 6 


-4 


1 


1 -3 


3 


-1 


1 


-2 


1 




1 


-1 


V 







There is a similar expression for T, 1 1 , namely S x 1 = E 1 £ 2 1 E. 
Lemma 4.2 We have 



£i£ 2 1 





(?) ( 


3) -(S) ( 


4) - 1^ 


i 


-4 


6 -4 


1 


i 


-3 


3 -1 




i 


-2 


1 




i 


-1 






I 1 






/ 


2 ^1 


= s 2 


1 EiE 2 1 = 


(-l) n G ? 


g(l," 


-1,1, 


..)E n . 





4 Pascal's triangle in the space C n [X] and results of E. Ferrand 



In the work of E. Ferrand [8] the Pascal triangle appears in the following way. 
Denote by $ the endomorphism of the space C n [X] of polynomials of degree 
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n with complex coefficients, which maps a polynomial p{X) to the polynomial 
p(X + l). Denote by \l/ the endomorphism of C n [X] which maps a a polynomial 
p(X)to(l-X)>( T ^) 

Theorem [E]. $ an<i \1/ verify a braid-like relation = 

One can verify that $ (resp. in the canonical basis 1, X, X 2 , X n of C n [X] 
have the form 

$ = S 2 (n) s = ^(l,n), * = (SxH- 1 ) 5 = (^(l.n))', (26) 
where the notations A s is defined in ( Tl5l) . For the operator $ we have 

X k ^(l + X) k = Y,C r k X r (27) 

r=0 



hence <3> r fc = C£ and we get the first part of (1261) if we compare (1271) with (J3J). 
For the operator \l/ we get 

n—k n 

X k ^(l- X) n ~ k X k = ^(-l) r C;_ fc X r+fc = Y^i-^CnAX 1 (28) 

r=0 t=fc 

if we set r + = t. Hence ^ t k = (— l) fc+ *C^lfc and we get the second part of 
(1261) if we compare (1281) with (Tl8|) . Since = ^$^1/ we have another proof 
of the braid relations given in [11] : EiE 2 *£i = X 2 1 SiS 2 . 



5 Pascal's triangle as the symmetric power 



The representation of B% given by E. Ferrand can be obtained in the following 
way. There is a morphism p : B% i— > SL(2, Z) of the group .63 in SL(2,Z) 
defined by (133|) below. Let us consider the natural representation it of the 
group SL(2,Z) in the space C X [X] defined as follows 

(V)(*) = (« + (^^) > where ^ = (S S) G SL ( 2 ' Z )- 

We show that (see (j3J) for the notation <7i(l, n)) 

Sym n (vr) o p{a k ) = a k (l, n), k = 1, 2, n G N, (29) 
where Sym n (7r) is the symmetric power of the representation 7r. We have 
p(aO = ^(1, 1) = ( J} ) , p(a 2 ) = a a (l, 1) = ( _\ ? ) . 
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Then (I29I) is transformed into 

Sym"(a 1 (l,l)) = a 1 (l,n). (30) 

Let us take the basis eo, e.\ of the space V := C X [X] ~ C 2 . In the space V ®V 
with the basis e^m '■= &k ® e m ordered as follows e 00 , e i, ei , en, we have 
(see, e.g., [21 Ch. 2] for the definition of the tensor product of two operators) 

(lD®(hD = ( h olVi)- 

\ 1 / 

The symmetric basis in the space Sym 2 (V r ) C V ® V" is as follows 

eg = e 00 = e ®e , = e m +e w = e <S>ei +e 1 <g>e , e| = en = e x ®e x . (31) 
The symmetric basis in the space Sym n (l / ) C V ® . .. ® V" for n G N is 

4 = , ,/ ^ m ^ o"(e/c), < fc < n, where e fc = e ®...®e ®ei ® ... g) ei, 
k[ (n-k)l a ££ +1 ' . ' 

(32) 

and a(e io ® e h <g> ... <g> e in ) = (e a {i ) ® e^) <g> ... <g> e a{in )) for a G 5^+1- Since 
( o i ) e o — e o and ( J } ) eo = eo + ei we have for the operator (oi)®(oi) m 
the symmetric basis: 

(ID® (oi)( e o®e!) = e ®e! = e s , (J J) <g> (J J) (e <g> ei + e 1 <g> e ) 

= e ® (e + ei) + (e + ei) ® e = 2(e ® ei) + e ® e + e\ ® e = 2ep + e*, 
(o i)®(o l) (ei®ei) = (e + ei)®(e Q + ei) = e o + e i + ei + eii = eo + ei + e^, 
hence the operator (oi)®(oi) ^ n the symmetric basis has the form 

(J|i)=«T 1 (l,2). 

The proof of the relations (1301) for general n G N is similar, indeed we have 
This proves (1301. 



6 Results of I. Tuba and H. Wenzl 



Consider the braid group B 3 given by the generators <j\ and o"2 and the relation 
o\Oi(J\ = oiO\<J2. B 3 maps surjectively onto SL(2, Z) via the map p given by 

*2~(ii2)- (33) 
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It is easy to check that this is a homomorphism. Moreover we have 

<?l <?2<?l = (y 2 a X (y2 !-»• 3 = ( _°i I ) , o x a 2 !-»• ( _°i i ) , o 2 o\ ^ ( l x o ) ■ ( 34 ) 

Example 1 [19]. Let V be a (ci + 1)— dimensional vector space with a basis 
labeled by 0, 1, d, and let A , Ai, A^ be parameters satisfying AjA^-i = c 

d+l 



for a fixed constant c. Set i = d — i. Then in [19] it is shown that a 
parameter family of representations of B 3 is given by the matrices 

a = ((j)*)„. B = ((- 1 ) i+i 0)^)«- < 35 > 

The proof consists in checking that ABA = BAB = S with S being the skew- 
diagonal matrix defined by s^- = (8 i j(— l) l A^). This in turn can be derived by 
the identity 

E(-i)* ffc (i)(f) = (-i)' (£5) = (-i)'(|) 

fc=0 

(cf. [201 P-8 eq. (5)] see also (I123p below). Another result in [T9] is as follows. 

Proposition 2.5 . Let V be a simple B 3 module of dimension n = 2, 3. Then 
there exist a basis for V for which 01 and <r 2 act as follows (A = (Xk)k) 

<ri ~ a A := ( Al A > ) , a 2 - a x 2 := (_ A A 2 2 ° ) for n = 2. (36) 

\ / Ai A1A3AJ 1 +A 2 A 2 \ , / A 3 \ 

0"i !-> o"i = A 2 A 2 , cr 2 !-> cr 2 := ~ A2 A2 _, for n = 3. 

\ A 3 / \ A2 -AiA 3 A 2 -A2 Ai J 

(37) 

Let us set D = yj A2A3/A1A4. All simple modules for n = 4 are following: 

* 1 ~oi=\» A I I. (38) 



Ai (1+ 


D-i+D-^Aa (1- 




- 2 )A 3 


A 4 





A 2 


(1+D- 1 ) 


A3 


A 4 








A3 




A 4 













A 4 


A 4 













-A3 


A3 










-DA 2 


-(D+1)A 2 


A 2 







-D 3 Ai 


(D 3 +D 2 +D)X 1 


-{D 2 +D 


fl)Ai 


Ai 



CT 2 (T A = I ^ _(D+i)A 2 A U 2 I • (39) 

\-D 3 Ai (D 3 +D 2 +D)Ai ~(D 2 +D+l)Ai A 4 / 

Let us set 7 = (A1A2A3A4A5) 1 / 5 . All simple modules for n = 5 are following: 



/ Ai (1+i4t)(A 2 + t^-) (^+A 3 +7)(1+^) (1+ A 4 A )(A3 + t^-) 



0"i I— ► (J A 



3 7 7 A 2 A 4 A 1 A 5 

A 2 X^ + a 3 + 7 ^_ + a 3+7 



A3 J A X A 5 J A X A 5 

A3 A^+ A3 A^ 

.0 A 4 A 4 , 

\ A 5 / 



(40) 



The formula for a 2 is not given in [19]. In section 9 we show that a 2 =C l a 2 
where C = diag(l, 1, 1, g" 1 ^, q' 1 ^) and cx^ = A tt cx 2 (g, 4) (see©-©). 
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7 Pascal's triangle 



We shall rewrite the results and the proof of S.P. Humphries [TT] in a slightly 
different form, using also the results of I. Tuba and H. Wenzl [19] in order to 
generalize Humphries' result to the case of a q— Pascal triangle. S.P. Humphries 
uses the representation of B3 

0\ 1 — ► Ei, cr 2 1 — ^ S^" 1 

I. Tuba and H. Wenzl use another representation of -B3 (in the notations of 
S.P. Humphries) 

(Ti h-> £ 2 , cr 2 >-> S^ 1 . 

Obviously these two representations are isomorphic and the isomorphism is 
given by 

o\ 1 — > a^ 1 and cr 2 >— ► Ci~ ■ 
We shall use the form of representation given by I. Tuba and H. Wenzl. 

In the general case (for arbitrary 11 6 N) we put, using Pascal's triangle 

a x i->- <7i(l) := oi(l,n) := £ 2 (n), ct 2 i-» cr 2 (l) := cr 2 (l, n) := (41) 

and ((35) <7i(l) = (en (l)fem)o<fc,m<n, 0"2 (1) = (O"2(l)fcm)o<fc,m<n 



where (see 
and 



*2(1) 



C^r, if < k < m < n, 
0, if < m < k < n, 

0, if < k < m < n, 

■l) k+m C^, if < m < k < n. 



(42) 



(43) 



Theorem 8 [TUTO] For a x {\) and cr 2 (l) defined by (g^j and (g3p, A = I and 

arbitrary n EN we have 



<7i(l)<7 2 (l)<7i(l) = (72(1)^(1)^(1) = 5 

moreover, we have 

^(1) = (^(l))"- 



. 


.. 





1 


. 


.. 


-1 





. 


.. 1 








(-ir : 












(44) 



(45) 



PROOF. The identity dSj) is equivalent with 

^(1)^(1) = Sa^(l) = ( r 2 1 (l)S. 



(46) 
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We have in particular 

0, if < k + m < n, 

0-1(1)0-2(1) = KJo<fc,m<n, where a km = < 

(-l) n - m C%- m , if k + m > n, 

(47) 

and 



0-2(1)0-1(1) = {(rf m )o<k,m<ni where o 



km 



-l) fc C™_ fe , if < k + m < n, 

0, if k + m > n. 

(48) 

We have Ox(l) fem = C^Z k . To prove that aZ\l) km = (-l) fc+m C^ we ob- 
serve that 



MiK^WV = E^W(i)n. = EC:[(-ir +m c; 



in— m 

r=fc r=k 



n 



E, i\r+m / n-k \ ( n—r \ V~V 1 \(n— r)+(n— m) ( n-k\ ( n-r \ r 
I L ) \n-r J \ n-m) ~ Z^V / \n-r J \ n-m) ~ u km, 
r=0 r=0 

(where in the latter step we have used the well-known identity (11221) . Section 
11 below). Analogously o 2 (l) fcm = (-l) k+rn C r k n . To prove o^O-W = C™ we 
observe that 

n n 

(a 2 (l)a 2 \l)) km = ^a 2 (l) kr a^(l) rn = ]T(-l) fc+ ^C; m = 

r=0 r=0 

n 
i=0 

(using again (11221) in the last step). Further the identity (j4"Sl) 
a x {l)a 2 {\) = Sa7 l (l), <ti(1)<7 2 (1) = o^l)^ 

means 

(Oi(l)o 2 (l))fcm = (5of l (l))km and (oi(l)o 2 (l))fc m = (cTg 1 (l)5')fcm- 

But 

n n 

(o-i(i)a- 2 (i))*™ = £oi(iWiW = EC"I(-i) r+ T m 

Since S = (S km ), where 5 fcm = (-l) fc 4+m,n (see (HE}), we get 

(S^ 1 (l))fc TO = S k ,n-k<7l 1 (l)n-k,m = (~ l)* : (-l) n ~ fc+,r l C"_ ( ™_ fc) 

/ i \n+m/^n- m ^ -l/i \ q\ — c fin— ml -\\n-m 

— \~ L ) ^k i \ a 2 \ L )°)km — °2 \ L )k,n-m D n-m,m ~ ^fc \~ 1 ) ) 
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so 

(Sa^(l)) km = (a 2 \l)S) km . (49) 
Finally the identity f|46l) is equivalent with the following 

n n 

^c n ":[(-i)*c = (-ir- m cr m or £(-rr r (^) U) = ( n _ fc m ) , 

r=fc r=0 

which is easily proven (in the latter step we have used (11231) below). □ 



8 Pascal's triangle as expT 



We give here some useful presentation for Pascal's (resp. q— Pascal's) triangle 
as operators of the form expT (resp. exp^T q ) of some operators T (resp. 
T q ). Let us consider 0i(l, n) and o"i(l,ra) s . Since by ([3]) we have ai(q)km = 
{:-t) q = C n n ZT(q) then by (JTSJ we get 

a l {l 1 n) s km = C k m {q). (50) 
In the space of infinite matrices let us consider two operators: 

Ti ■= E( fc + l)E k k+i, T (g) := + l),£ fcfc+ i, (51) 

where (n) g is defined by f llOp and -Efc m , are infinite matrix with 1 at the place 
k, m G Z and zeros elsewhere. Consider the expT and exp^ T q of these oper- 
ators, namely 

OO 1 OO 1 

exp T = £ ^, ex P(q) T (a) = £ -— r™. (52) 

m=0 m=0 V' b J-g 

Let us denote by P n the projector from the space of all infinite matrices onto 
the subspace Mat(n + 1, C) = {A = Eo<i, m <« a km E km }. 

Lemma 9 We have 

P n expTiP n = en (1, n) s , P n exp ((?) T (q) P n = cxi(g,n) s . (53) 

PROOF. If we set 

where v k G C, fceZ, we then have 

T{y) m = X ^fc+l^fc+2-"^/fc+mPfcfc+rn- 

feez 
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Hence we get 

1 » (fc + l)(fc + 2)...(fc + m) 

m=O m - m=Ok£Z m - 

Finally (expT^^ = ( k + 1 )( k +^-( k + m ) = c k +m = ai(l 7 n) s kk+m . Similarly we 
have 

rp ^1 rm y v (fc + l) g (fc + 2) q ...(fc + m) g 

ex P( ? ) As) = Zv Tv^r^w = LL Lkk +™ 

m=0 m=OfceZ \" L )-q 

hence (exp w T ((?) ) fefc+m = (fe±Mglrf±H, = c* +m (g) = ^(g, n)| fc+m . □ 



9 Irreducibility and equivalence of the representations 

P. 1 Operator irreducibility 



Theorem 3 The representation of the group B% defined by $MB) have the 
following properties: 

1) for q — 1, A n = 1, it is subspace irreducible in arbitrary dimension n 6 N; 

2) for q — 1, A n = diag(Afc)£ =0 ^ 1 it is operator irreducible if and only if for 
any < r < | there exists < i < ii < ... < i r < n such that (see (2~4\)) 

Mt%?£-\F* n (q,\)) ? 0; 

3) for q ^ 1, A n = 1 z't is subspace irreducible if and only if {n) q ^ 0. 
The representation has f 1 ^-] + 1 free parameters. 

We study the irreducibility of the representation (jSJ) if the following cases: 

1) q = 1 and A = I (the Humphries case); 

2) g = 1 and A ^ / (the Tuba and Wenzl Example 1, Section 6); 

3) g ^ 1 and A = I; 

4) g ^ 1 and A ^ J. 

Case 1). Let us set T n = Y^k=o( n ~~ k)E k k+i- By Lemma [9] we conclude that 
o"i(l, n) = exp T„ and 02(1, n) = exp(— T|). 

Remark 10 T7ie subalgebra {T n ,T|} generated by the operators T n and T| 
coincide with the algebra Mat(n + 1, C). 

Remark 11 The algebra Mat(n, C) of all matrices in the space C n is irre- 
ducible. 
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We use the following two lemmas describing the commutant of the operator 
S(q)A n (see ( TT6]) ) and the commutant of a strictly upper triangular matrix /3 
defined as follows: 



n-X /OPoi 



P — Pkk+lEkk+1 
k=0 



/3i2 

! 
.0 0. 






Pn-lr 




(54) 



Let us fix for an operator A = J2o<k, m <n a kmEk m the following decomposition 

n n—k n—k 

A= ^2 A k , where A k := a rr+ kE rr+k , A_ k := ^ a r+krE r + kr , k > 0. 

r=— n r=0 r=0 

(55) 



Lemma 12 Lei an operator A e Mat(n + 1,C) commute with j3 defined by 
pTP an( ^ Afcfc+i 7^ /or a/Z < A; < n — 1. T/ien A zs a/so upper triangular, 
moreover 

A = a I + Y j a k (3 k . (56) 

A = l 



PROOF. We have 

(/L4) fcm = p kk+1 a k+ im, < fc < n - 1, (/M) nm = 0, < m < n, 

and 

(Ap) km = a fcm _i/3 m _i m , 1 < m < n, {Af3) k0 = 0, < k < n. 
Hence we have 

Pkk+l a k+lm — dkm-XPm-Xm: or Pk-Xk^km = ,m— xPm— lmj (5T) 

for < fc, m — 1 < n — 1, 
Pk-ika k o = 0, 1 < < n, a nm /3 mm+ i = 0, < m < n - 1. (58) 

Using (1571) and (|58|) we conclude that a km = for < m < k < n. Indeed let 
us take m = k in §57$, then we get P k -i k a kk = a fc _i >fc _i/? fc _i fc or a kk = a k ^ ltk _i 
hence a kk = aoo for all < k < n. Finally we conclude that A = a 00 I. 



Similarly if we take m = k + 1 in (1571) we get p k -\ k a kk+ i = a k -i k p k k+x or 
ak - lk = fM+i =: fll hence Ai = a\(3. If we take m = k + 2 in floTl) we get using 

Pk — lk Pfcfc + 1 

the relation {p 2 ) kk+2 = Pkk+xPk+xk+2 

&kk+2 Pk+Xk+2 (P 2 )kk+2 a k-Xk+X a kk+2 



so 77^ = 77^ =: a 2, 



a k-Xk+X Pk-Xk (P 2 )k -Xk+X \P )k-Xk+X \P )kk+2 
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hence A 2 = a<ifi 2 - If we put m = k + r we get using the relation (j3 r ) kk+T 

Pkk+l---Pk+r-l,k+r 

a kk+r Pk+r-l,k+r \f3 T )kk+r Ofc— l.fc+r— 1 a kk+r 

SO 



a k-l,k+r-l Pk-lk {ft r )k-l,k+r-l ~l,k+r-l ((3 T )kk+r 

hence A r = a r (3 r . This proves Lemma [T2l □ 

Lemma 13 Let an operator A G Mat(n + l,C) commute with S(q)A (see 
then 



q n _ k Xn-k(ikm = (-1) +m q k a„_ fcjn _ m A m where A = ( 

(^km)o<k,m<n- 

(59) 

PROOF. We have (see (USD) 

(S(q)AA) km = S(q) k ,n-kXk a n-k,rn = ( - ^ % ^fc^n-fc.m 

and 

(^4>S'( ( 3 , )-^-)fcm = Q>k,n-mS(q) n -m,mXm = ( 1) q n - m a k,n—m,Xrn- 

Since S(g)AA = AS(g)A we get (J59]). □ 



To prove the irreducibility of the representation <j\ \— *■ (Ji(l, n) ^^^^w) 
let us suppose that an operator A commute with <7i(l, n) and o"2(l, n). If we set 
/? := ((Ti(l,n) — J)i = I]fc=o(n — k)Ekk+i, the first term in the decomposition 
( l55i) of the operator <7i(l,n) — J, by Lemma we conclude that a\{l,n) = 
exp f3. Since A commutes with n) then A commutes with /3 = lncr 1 (l, n), 
where 

(3 = lna^l, n) = £ ^-(^(1, n) - /)' 



r=l r 



and since f3 kk+1 = (^(l) - J) u+1 = C^T 1 = (n - fc) ^ for < k < n - 1 
we conclude by Lemma [TiZl that A is upper triangular, moreover 

n 

A = a I + ^2 a kf3 — a oI + ^2 a kmEkm, 
k=l 0<k<m<n 

i.e. a km = for k > m. Since A commute with S = 0i(l, n)<7 2 (l, n)<7i(l, n) 
(see OH])) by Lemma [H we get a fcm = (-l) fc+m a n _ mjn _ fc , so a fcm = for 
k < m. Finally by fl56|) we conclude that A = a^I . Thus the irreducibility of 
the representation o\ \— > <7i(l,n), o~2 >— ► 02(1,^) is proved in the case 1). 

Remark 14 In fact, the representation is irreducible not only in the operator 
sense (i.e. that only the trivial operators commute with the representations) 
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but also in the usual sense (i.e. that there are no nontrivial invariant subspaces 
for operators of the representations) . It follows from the fact that formulas 



X ^ p n (X) = (<7i(l,n)-I)i, Y i ► p n (Y) = («7 a (l,n)-/)_i, if ^ [p n (X), p n (F)] 

define the irreducible representation of the universal enveloping algebra {/(sfe) 
of the Lie algebra st 2 fsee JT^j Theorem V.4-4-])- Recall JZffi that U(sl 2 ) is the 
associative algebra generated by three generators X, Y, H with the relations 

[H, X] = 2X, [H, Y] = -2Y, [X, Y] = H, (60) 

Case 2). Idea of the proof. Let A commute with of (1, n) and of (1, n) hence 
by Theorem [TJ relation (1171) . A commute with S(q)A. By Lemma [TBI (below) 
A is upper triangular, hence by Lemma [131 A is diagonal so [A, A n ] = 0, hence 
[A, <7i(l, n)] = [A, cr 2 (l, n)] = and we are in the case 1), n G N. i.e. A is 
trivial. 

Lemma 15 Let an operator A e Mat(n + l,C) commute with oi(l,n)A n 
where A n = diag(Afc)£ =0 then A is also upper triangular, i.e. 

A = Yl a kmEkm (61) 
0<fc<m<n 

if for any < r < § i/iere exists < i < ii < ... < i r < n such that (24\ ) 

«r(^(i,A))^o. 



PROOF. Let n = 1 and [A, of] = [A, of] = where 



aoo ooi \ „A _ / i i \ j X \ _ / A Ai \ A _ ( \ x \ / 1 \ _ ( M 

. oio on I > °1 — I 1 M Ai J ~~ 1 Ai J ' °2 — I A M -1 1 / I -A A 



The relation Aof = of A gives us 

( aooAo aooAi+aoiAi \ _ ( Aoooo+Aiaio Aoaoi+AiOii \ . f Aiaio= 
\_ OioAo aioAi+anAi j \ \\a\o Aiau J \ (Ai-Ao)o 

Since Ai 7^ hence a w = 0. 
Let n = 2 and [A, of] = [A, of] = where 

/ (100 «01 «02 \ A _ N . / 1 2 1 

A = o 10 an aia (j = <7i 1, 2)Ao =011 

V 020 021 a 2 2 / ' 1 y ' 7 V 1 





10=0. 



a o 001 a 2 \ a /* ~\ » / 1 2 1 \ / Ao \ / Ao 2Ai A2 

Ai = Ai A 2 
A 2 / V A 2 



The relation of A = Aof gives us 



Aoaoo+2Aiaio+A202o Aoaoi+2Aian+A 2 o 2 i Aoao2+2Aiai2+A2022 
Aiaio+A20 2 o Aian+A 2 a2i Aiai2+A2a 2 2 

A2O20 A2021 A2a22 
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aooAo (2aoo+aoi)Ai (aoo+aoi+<io2)A 2 
aioAo (2aio+an)Ai (aio+an+ai 2 )A 2 

02oAo (2a20+fl2l)Al (a 2 0+a 2 l+a 22 )A 2 



If we compare the first columns we get 

{2Aiaio+A2 020 =0 , . , . / \ 

(A 1 -Ao)a 10 +A 2 a 20 =o or Ml, 2)A 2 - \ I}a {0 > = 0, where a (0) = I a 10 ] 
(A 2 -Ao)a 2 o=0 ' " ' Va 2o/ 

Let = 0. If we compare the second columns we get 

{ (x 2 -M)ZU or Ml, 2)A 2 - = 0, where a« 

Let n = 3 and [A, erf] = [A, erf] = where 



o 



121 



' A \ / A 3Ai 3A 2 A 3 



Q.01 


ao2 


103 \ 




/ 1 3 3 1\ 


an 


ai2 


H3 I 


( 0121 


121 


122 


«23 j 1 


a 1 = 


0011 1 


«31 


132 


033 / 




Vo 1/ 



Ai \ _ I Ai 2A 2 A 3 
A 2 I 1 A 2 A 3 



A 3 / \ A 3 , 



The relation Aa A = erf A gives us 



o 



(aooAo (3a ( )o+a i)Ai (3aoo+2a () i+ao 2 )A 2 (aoo+aoi+ao2+ao 3 )A 3 ' 

ai()Ao (3aio+an)Ai (3aio+2an +a i2 )A 2 (aio+an+ai2+ai 3 )A 3 

a2()Ao (3a 2 o+a 2 i)Ai (3a20+2o2i +a22)A2 (a20+a2l+a22+i2 3 )A 3 

a3()Ao (3a 3 o+a 3 i)Ai (3a 3 o+2a 3 i +a 32 )A 2 (a 3 0+<J3l+a32+a33)A 3 , 

(Aoaoo+3Aiaio+3A 2 a 2 o+A 3 a3o Aoaoi+3Aian+3A 2 a 2 i+A3a3i 
Aiaio+2A 2 a 20 +A 3 a 3 o Aian+2A 2 a 2 i+A 3 a 3 i 
A 2 a 2 o+A 3 a3o A 2 a 2 i+A 3 a 3 i 
A 3 a 3 o A 3 a3i 

Aoao 2 +3Aiai 2 +3A 2 a 22 +A3<J3 2 Aoao3+3Aiai 3 +3A 2 a 23 +A3<J33 \ 

Aiai 2 +2A 2 a 22 +A 3 a 32 Aiai 3 +2A 2 a 23 +A 3 a 33 I 

A 2 a 22 +A 3 a 32 A 2 a 23 +A 3 a 33 I 

A 3 a 32 A 3 a 32 / 

If we compare the first columns we get 

3Aiaio+3A 2 a 2 o+A3a3o=0 
(Ai-A )aio+2A 2 a 2 o+A 3 a3o=0 r (-1 o\\ \ rl„(0) _ n ...u^^fO) _ I a 10 

(A 2 -A () )a 20 +A 3 a 30 =o Fi U, A 3 - A i K - U, wnere a v - I a2 » 

(A 3 -A )a 30 =0 V aso 

Let a(°) = 0. If we compare the second columns we get the system 

{2Aia 2 i+3A 3 ci3i=0 
(A 2 -Ai)a 2 i+A 3 a 3 i=o or [c^ (l, 3) A 3 - Ai/]a llj = 0, where 
(A 3 -Ai)a 3 i=0 

Let = = 0. If we compare the third columns we get the system 
{ (A 3 - 3 A a 2 3 S=o or Ml, 3)A 3 - X 2 I]a^ = 0, where = 

For the general case n G N let us consider the following equations 

[cr 1 (l,n)A n -\ k I]a {k) , where a (k) = (0, a k+1>k , a k+2 ,k, -, a n ,k)\ < k < n-1. 

(62) 



! a:- 



a-21 
131 







0.32 



21 



To prove Lemma it is sufficient to show that all solutions of the equations (1621) 
are trivial. We rewrite the latter equations in the following form: 



af' fc (l,n)&W = 0, where af' fe (l,n) := [<7 X (1, n) - A^A; 1 ], b {k) = A r 



,(*) 



(63) 



< A; < n — 1. If we denote 

F M (l,A) = [(T 1 (l,n)-A fc (A n )- 1 ] s 
(for notation A s see ffl5]) ) we get by Lemma [9] 



(64) 



F M (1,A) = [o-i(l,n)- A fc (A, 



exp [J2(r+l)E rr+1 \-\ k (Al)-i 

\r=0 / 



I \-VQ 1 1 

\-v\ 2 



\-v\ 3 
l-vh 



\-v\ 



1 1 

5 6 

10 15 

10 20 

5 15 





6 
1-i/f 



\ 



where Afc(AfJ 1 = diag(z/^)™ =0 and v k = Afc/A n - r . Let us set (k n ) := oi(l,n) 
Afc(A n ) _1 . For n = 2 we get 



af' fc (l,2) = a 1 (l,2)-A fc A 2 - 1 



/ 1 2 1 \ , / A 
1 1 — Afc Ai 

vooi/ V00A2 



-1 



l-i>« 2 1 
1-z^ 1 
l-!/| . 



The equations (163]) gives us a 1 ' (1, 2)&( fe ) = 0, A; = 0, 1 i.e. 
/ 2 



l-u° 1 
l-v% 




610 
620 



0. 



l-vl 2 1 
1 
\-v\ 
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We see that &(°) = if some of minors M 1 ° 2 1 (0 2 ), M^Oa), M^f (0 2 ) are not 0. 
Since M 2 (0 2 ) = 1 we conclude that fc^ = 0. We have 



M 1 ° 2 1 (0 2 ) 
hence 



2 1 

\-v\ 1 



2 1 

1-1,0 



i-i/§ 



M 2 °(l 2 



M<£(0 2 ) = M<£(F° }2 (1,\)), M° 2 (0 2 ) = Mg{FSfl{l, A)), 
M^O,) =M 1 1 2 2 (F ' i2 (l,A)), M 2 °(0 2 ) =M 2 (F 1 s i2 (l,A)), 
where iA> = (i/J^Lo. ^ = A r /A 2 _* and < r < [§] = 1. 



For n = 3 we have 
a 1 (l,3)-A fc A 



*-3 



13 3 1 
12 1 
11 
1 



A 



A ' 
Ai 
k I A 2 
A 3 , 



3 3 
1-i/f 2 



1 
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the equations (1631 are a 1 ' (1, 3)b^ = 0, k — 0, 1, 2 i.e. 



3 3 
2 



l-l/. 




3 










l-v\ 1 
1-v. 




l-ul 






3 

1-v 



2 9 
l z 





l-vl 




We see that 6 (0) = if some of minors M}^ 1 * 2 (0 3 ) , < z < k < h < 3 are 
not 0. Since M^(l 3 ) = 1 1 J | = 1 ^ (resp M 3 °(2 3 ) = 1 ^ 0) we conclude that 
= (resp fe*- 2 -* = 0). As before we conclude that 



M^ 2 (0 3 ) = Mr- 2 (F s i23 (l, A)), M^la) = 1, A)) 



rOl/ 



where z/ < - r ^ 



( r h3 



WE ' J3b=o> ^fc ' = Wfc and < r < [ 
For n = 4 and n = 5 we have 



1. 



^(4,A fc ) 



1-v* 













6 
3 

l-ul 



1 

3 
2 

1-i/f 



^(5, A* 



l-vl J 



/I 


-1/* 


5 


10 


10 


5 


1 \ 







1-vf 


4 


6 


4 


1 










\-v\ 


3 


3 


1 













1- V $ 


2 


1 
















1-!/* 


1 


V 

















l-v\ ) 



the equations (JHSJ) are af ■*(!, A)b^ = 0, < fc < 3 i.e. 



/0 4 
/ l-u° 



6 
3 

l-vl 

\o 



1 

3 
2 

l-vl 



o 1-1^2 / 




3 

l-vl 



V 



1 

3 
2 

!-"8 



l-vl I 




1 



/ l-vl 4 6 4 

l-v\ 3 3 1 
2 1 

l-v\ 1 

V l-v%2 ) 




( l-o 3 



l-vl 3 3 





\ 



l-vl 2 1 
1 
1-v'l j 




0. 



We see that = if some of minors M^ 2 * 3 ^), < i < i x < i 2 < h < 4 
are not equal to 0. Similarly, we conclude that b^ 1 ' = if some of minors 
M l 23 i li2 (U), < i < ii < i 2 < 4 are not equal to 0. Since M 3 ° 4 1 (2 4 ) = 1 f \ \ = 



1 ^ (resp M 4 °(3 4 ) = 1 ^ 0) we conclude that b^ = (resp b® = 0) . 
In general we conclude that the system of equations (15^]) 

at' k {l,n)b ik) = 0, 0<A;<n-l 

has only trivial solutions b^ = if and only if for any < r < 
exists < i < ii < ... < i n - r -i < n such that (see fl24"|) ) 



there 



0. 



M 



lZn\r n ) = Mi^Cn^F^X)) ? where z» = (4 r) )£ =0 , u t 



,{r) 



»n— k 



□ 
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For n = 5 the equations fl63l) are a l ' (1, 5)b^ = 0, < k < 4 i.e 



5 10 10 



l-v 



\-v% 





V 



1-3° 






5 
i 

3 
2 

1-1,° 



o 





( b 10 \ 






&20 


= 0, 




^30 









/l-"0 2 







V o 



1-1/2 4 








10 10 

6 

3 



"3 



5 
4 
3 
2 









10 

4 



\-v\ 





\ 



10 
6 
3 





oo 








632 


-0. 




642 
U52/ 









5 






V 



1-uf 4 



10 10 5 1 \ 
6 4 1 
3 3 1 
1-i/f 2 1 
1 
\-v\ ) 



\-v\ 










10 10 

4 6 
X-vl 3 



5 
1 
3 
2 

1-ul 



/ 



/8 

!>21 
&31 
l 641 
V&51 



0. 







1-^ 




1 \ 
1 

1 
1 

1— f| 1 
1-1/f / 



0. 



/ 
' 





, 643 
V&53. 



Definition l.We say that the values of A n = diag(Afc)£ =0 are suspected (for 
reducibility) if for some < r < | (see W^) 



K+lr'&In'iKnih A)) = f or al1 < k < U < - < h- < U. (65) 

Our aim now is to describe shortly the suspected values of A n , for 

example if r = we get that for all < i$ < ii < ... < z n _i < n 

Mit^iFonih A)) = & MftZr^FSnil, A)) = 0, and M^F^l, A)) = 0. 

(66) 

To complete the proof of the Theorem [3] we should show that rep- 
resentation is operator reducible for suspected values of A n . 



Firstly we find the list of the suspected values for q — 1, < r < | . For 
n = 2, r = we see that M$(0 2 ), Mjf (0 2 ), il^f (0 2 ) all are zeros if and only 
if M${0 2 ) = and M|(0 2 ) = 0. Since 

D 2 {y) := M${0 2 ) = 1+1/° - (Ao + AO/Ax, and M 2 2 (0) = 1-1/° = (A 2 -A )/A 2 

(2) 

we have the suspected value A 2 = A 2 where 

A^ = diag(A , — A , A ) = A diag(l, —1, 1), rep. is reducible. (67) 
In this case we have 





-2l\ 


A 

°2 = 









i 


-11 , 





-1 







1 






-2 





(6£ 



Let us denote 



A 



0- 2 2 

1- 3 1 

2- 2 
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Remark 16 One may verify that the operator A commute with cr^ and o~ 2 
defined by (E2j). The invariant subspace V 2 = (e 2 = (2,1,2)) is generated by 
the eigenvector e 2 := (2,1,2) for a± and i.e. a^e 2 = e 2 and o~ 2 e 2 = e 2 . 
The representation is operator irreducible <^ A 2 ^ A diag(l, —1, 1). 

For n = 3, r = we see that all minors M^ 12 (0 3 ) , < i < ii < i 2 < 3 are 
zeros if and only if M^f (O3) = and Mf( O3) = 0. By Lemma [T71 we have 



3 3 1 
1-uj 2 1 
l-v 2 1 



2A 
AiA 2 



(A + Ax + A 2 ) and M|(0 3 ) = l-vl = (A 3 -A )/A 3 



hence the suspected A 3 is as follows : = diag(A , Ai, A 2 , A ) with A + Ai + 
A 2 = or 

A3 = A diag(l, a%, a 2 , 1) with 1 + a± + a 2 = 0. 

For n — 4, r = we get that all minors M{ 2 ^ 2l3 (0 A ), < i < i\ < i 2 < ^3 < 
4 are zeros if and only if M^(0 4 ) = and M|(0 4 ) = 0. By Lemma Owe 
have 

= Aodiag(l, aci, a 2 , a 3 , 1) with 1 + ct\ + a 2 + a 3 = 0. 
For r = 1 we get that all minors M 23 4 * 2 (l4), < io < i\ < i 2 < 4 are zeros if 
and only if M l 2 f/ 2 (U), < i < h < i 2 < 3 and M 4 4 (l 4 ) = 0. 

The general rule is similar M'^+SZri 1 ( r n) = 0, < io < ii < ... < i n -\ < 
n <S> MXiril::- 1 ^) =0, < i < k < ... < i n -i < n - 1 and M^(r n ) = 0. 
For r = and the general case n G N we should calculate the following 
determinants: 



v) 



lvl \2...n 



ai(l, n) - \ X n l 



(69) 



M 01...fc-2 



Oi(l,n) - A fc A 



-1 



< k < [n/2]. (70) 



Let us denote by (*) the conditions (see Remark 4.5) A r A„_ r 
and by D^\u)* the value of D^\v) under these conditions. 

Lemma 17 We have 

n-l 

D { °\v) := M^tr 1 - A0A; 1 ] = l+£ £ 

r=l l<ii<i2<...<i r <n — 1 



C, 1 < r < n 



D (0), 



(n-2)!Ag- 2 ^ 

rr"- 1 \ ^ fe ' 
llfc=l A fc fc =o 



(71) 



PROOF. For the following notion and lemma below see pp. We define G m (X) 
the generalization of the characteristic polynomial pc it) = det (tl — C), t G C 
of the matrix C G Mat(m, C): 

rn 

G m (\) = detC m (A), A G C m , where C m (A) = C + £ A fe £ fcA , (72) 

fc=i 
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We denote by 

M j&£ (<?)> ( res P- A &%( c % 1 < h < - < »r < m, 1 < h < - < Jr < m 

the minors (resp. the cofactors) of the matrix C with ii,i 2 ,...,i r rows and 
j 1; j 2 , 3 r columns. By definition A£ :: ™(C) = Mf(C) = 1 and M$"%(C) = 
Al(C) = detC. 

Lemma 18 For £/ie generalized characteristic polynomial G m (X) of C G 
Mat(ra, C) and A = (Ai, A2, A m ) 6 C m we /iave: G m (A) = 

c + ^A fc F fcfc =detc+x: E A il A ia ...Ai r ^:::t(c). (73) 

fc=l / r=l l<ii<i2<. ..<i r <m 

Remark 19 //we sei A a = A^A^.-.A^ where a = i 2 , i r ) and A"(C) = 
^&fc(C0> ^0 = I, ^§(C) = detC we may write (73]) as follows: 



G m (A) = detC m (A)= J2 KA a a {C). 

0CaC{l,2,...,m} 



(74) 



Denote by C n the matrix corresponding to minor M 2 lZn 1 [^(l? 77 -)]- Using 
Lemma [TS] we have for n = 2, 3, 4 and n = 5 where = Z/% = ^o/Afc 

,(o) 



Df\v) = | \—v\ \ I = detC 2 + viAl(C 2 ) = l + u u 



3 3 1 
l-vx 2 1 

l-I/ 2 1 

4 6 4 1 
3 3 1 

X-u 2 2 1 
I-1/3 1 

1 13 



detC3+^Aj(C 3 )+^^(C3)+^i^^oi(C3) = l+2z/!+2z/ 2 + 
detC4+^^(C 4 )+i/ 2 ^(C4)+^3^(C 4 )+^i^^oi(C4) 



+^1^02(^4) + ^3^2(^4) + W3A™(C 4 



1 123/ 



1 + 3^i + 5z/ 2 + 3z/ 3 + 3^if 2 + 5z/iZ/ 3 + 3z/ 2 z/ 3 + v x v 2 v^ 

1+ 4i/i + 9i/ 2 + 9z/ 3 + 4z/ 4 + 



5 10 10 5 1 

l-i/j 4 6 4 1 

l-i/ 2 3 3 1 

I-1/3 2 1 

I-1/4 1 



6z/i^ 2 + I61/1I/3 + \\V\V± + lllS 2 V 3 + 16^2^4 + 6t / 3 i/ 4 

+4z/ 2 ^ 3 z/ 4 + 9z/iZ/ 3 z/ 4 + 9z/iZ/ 2 ^4 + 4i/iZ/ 2 z/ 3 + z/iZ/ 2 z/ 3 z/ 4 . 
To prove the general formulas we use Lemma [18j We have 



n-l 



d£V) = detc n + E E ^i^-^-ib-i-Jr-iCCn)- 

r=l l<i!<i2<...<ir<"j 



To prove (1711) we get for n = 2, 3 

M°V) = I A 1 1 = 1 + vx = 1 + A0/A1 = (A + Ai)/Ai, 
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3 3 1 
l-i/l 2 1 
l-I/ 2 1 



= 1+2^+2^2+^^2 = -A- (AiA 2 + 2A A 2 + 2A A! + Ajj) , 

A1A2 v 7 



9 A 

(*) Al A 2 = Ajj =► Df\u)* = ff (A + Ax + A 2 ) . 

-Oi ^^) = 1 + 3z/i + 5z/ 2 + 3z/ 3 + 3z/iz/ 2 + 5i/ii/ 3 + 3z/ 2 z/ 3 + ^2^3, 

^(0)^(0)^ = 1 + 3^0 + 5 Ao + gAo + 3 ^o_ + 5 ^L + 3 ^L + A o = 
Ai A2 A3 A1A2 AiA 3 A2A3 A1A2A3 

^AiA 2 A3 + 3AoA 2 A3 + 5A0A1A3 + 3AoAiA 2 + 3AqA3 + 5AqA2 + 3AqAi + 3Aq^ /AiA 2 A3 

(since A0A4 = A1A3 = A2 and Ao = A4 we get Aq = AiA 3 = A2 so Ao = ±A 2 . If 
A = A 2 we get) 

(Ag(A 2 ± 3A 3 + 5A ± 3Ai) + Ag(3A 3 + 5A 2 + 3Ai + A ) /AiA 2 A 3 

R \2 

V(A + (1 ± l)/2Ax + A 2 + (1 ± 1)/2A 3 ). 



AiA2A 3 

n(0)/ u _ 6^0 f (A0+A1+A2+A3) ifA =A 2 

4 1 ' AiA 2 A 3 l ( A()+A2 ) ifA =-A 2 
Df\u) = 1 + 4z/i + 9z/ 2 + 9z/ 3 + 4z/ 4 + 

6z/iZ/ 2 + 16l/if 3 + \\V\V± + llz/ 2 Z/ 3 + 16^2^4 + 6Z/3Z/4 
+4z/ 2 Z/ 3 Z/ 4 + 9z/iZ/ 3 Z/ 4 + 9z/iZ/ 2 ^4 + 4z/iZ/ 2 Z/ 3 + ^1^2^3^4, 

^ 0) (^) = 1+4^ + 9^ + 9^ + 4^+ 
Ai A2 A 3 A4 

\2 \2 \2 \2 \2 \2 



A1A2 AiA 3 A1A4 A2A3 A2A4 A3A4 



+4— + 9--V + 9--V + 4—+- + A ° 



A2A3A4 A1A3A4 A1A2A4 AiA2A 3 A1A2A3A4 
24Ag 
A1A2A3A4 

For n = 3 we get (we write 1^ for z/°) 



(*) =► £><°> (i/)* = , f (Ao + Ax + A 2 + A 3 + A 4 ) 



2 A 2A 2 

D 3 V)* = -r~r ^° + -^1 + A 2 ) = VT L ( 1 + «i + « 2 ) = 
A1A2 AjA 2 

A 3 = diag(l, 01, o 2 , 1), 01 + o 2 = — 1, ai«2 = 1, 
equation o 2 + a + 1 = 0, a 1>2 = -1/2 ± yJl/4-1 = (-1 ± iy/l)/2. (75) 
A 3 3) = A diag(l ,0:1,0:2,1), {oi,o 2 } = {exp27ri/3,exp47ri/3}. (76) 
For n = 4 we get D?\v)* = 6A 2 (A + Ai + A 2 + A 3 ) /(AiA 2 A 3 ) 

Since A 4 = diag(A , Ai, A 2 , A 3 , A 4 ) with A A 4 = A1A3 = A2 we have 

A 4 = A diag(l,oi,o 2 ,o 3 , 1), where a k = A fc /A , 
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ai + 0L2 + a 3 = — 1 with 0103 = o 2 = 1. 
Indeed we have 0L2 = ±1. a) let o 2 = 1 then we have 

Oi\ + «3 = —2, ai«3 = 1, equation a 2 + 2a + 1 = 0, (a + l) 2 = 0, 01,3 = —1 

hence = A diag(l, —1, 1, —1, 1), (erf) 2 = (<J^) 2 = 1, rep. is reducible. 

(77) 

b) let a2 = —1 then we have a± + a 3 = 0, 010:3 = 1, equation o 2 + 1 = 
0, oi i3 = ±i, 

= A diag(l, ±z, -1, T i, 1). (78) 
For n = 5 we get £>f (z/)* = XtSSu ( A ° + A i + A 2 + A 3 + A 4 ) , 

since A 5 = diag(A , Ai, A 2 , A 3 , A 4 , A 5 ) with A A 5 = A1A4 = A 2 A 3 . 

A 5 = A diag(l, ai, a 2 , a 3 , a 4 , 1), a k = X k /X 
«i + a 2 + 03 + a 4 = — 1 with a\a± = a 2 a 3 = 1, reducible. 

f ai+a4=fc, f a2+a3=-(l+fc), 
\ a\ct4,=l \ q 2 Q3=1 

a 2 - A;a + 1 = 0, a 2 + (1 + fc)a + 1 = 0, 



a 1A = k/2 ± v /(A;/2) 2 - 1, a 2 , 3 = -(1 + k)/2 ±<J[(1 + k)/2f - 1. 

n-l 

A n = A diag(l, oi, a 2 , «„-i, 1), J2a k = -1, a k a n - k = 1, 1 < k < n - 1. 

k=i 

n-l 

A n = diag(A ,Ai,...,A n _i, A n ), A = A n , and ^ A fc = 0. (79) 

k=0 

The solution in the general case are (see fl67 j) -( l78l ) 

A n = Aodiag(o fc )^ =0 , a k = exp(± ), for n = 2m + 1. (80) 

n 



(0) 2nik (i) 2ixik 
A n = A diag(a fc ) fc=0 , a\ = exp(±— — ), a\ = exp(± ) for n = 2m. 

For n = 2 we have 

2nik\ 



si) 



■ 



A 2 = A diag(l, -1, 1), a x + o 2 = -1, exp _ } 

For n = 3 we have Oi + o 2 = —1, Oi« 2 = 1, a 2 + a + 1 = 
A 3 = Aodiag(a°, a, a 2 , a 3 ), a 3 = 1, q^I. 
For n = 4 we have 

A 4 = A diag(l, a 1} a 2 , a 3 , 1), 
Af = A diag(l, -1, 1, -1, 1), exp(±^), < k < 4, 
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CKi + CH2 + O3 = — 1, 0:10:3 = O2 = 1, 

a) 02 = 1, 01 + 03 = —2, 01O3 = O2 = l=^o 2 + 2o + l = 
A 4 4) = A diag(l, ±i, -1, Ti, 1), exp(±— ), < k < 4. 

6) o 2 = —1, 01 + o 3 = 0, O1O3 = 1 =>- a 2 + 1 = 0. 
For n = 5 we have 

A 5 = A diag(l, an, a 2 , o 3 , o 4 , 1), 

01 + 02 + 03 + 04 = —1, with 01O4 = O2O3 = 1. 
Aj^oi, 02) = Aodiag(l, 01, 02, oc^ 1 , of 1 , 1), 01 + of 1 + 02 + o^ 1 = 0. 
In particular we have 

Af = A diag(o fc )t , o 5 = 1, o ^ 1. 

For n = 6 we get 

A 6 = A diag(l, a 1 , o 2 , o 3 , o 4 , o 5 , 1), 

01 + 02 + 03 + 04 + 05 = —1 with 01O5 = 02O4 = 03 = 1, 

a) 03 = 1, Ag^'^oi, 02) = Aodiag(l, 01, 02, 1, o^ 1 , of 1 , 1), 01+of 1 +02+o 2 ~ 1 = 0, 

b) o 3 = —1, Aq 6 ' ) ' _1 (oi, o 2 ) = A diag(l, a±, o 2 , —1, o^ 1 , of 1 , 1), o x +of 1 +o 2 +o 2 ~ 1 
In particular we have 

Aj 6) = A diag(o fc )Lo, o 6 = 1, o^l. 

In the general case we have for n = 2m + 1 

A 2m +i = A diag(l, a u o 2m , 1), 

2m 

Oi k = -1, With O fe 2 m-fc = Oi0 2m = 1, 

fc=l 

m 

^■2m+i\ a u -,oi m ) = A diag(l,oi, a m , a" 1 , ...,of\ 1), ^{a k + of 1 ) = 0. 

k=l 

For n = 2m + 2 we have A 2m+ 2 = A diag(l, 01, o 2m +i, 1), 

2m+l 

a k = _1 > With ttfe«2m+l-fc = Oi0 2m+ l = 1, 

fc=l 

m 

a ) ^2m+2 ) ' 1 (0S 1 , ...,0 2 ) = A diag(l,O!, ...,O m , 1,0~\ ...,Of\ 1), ^(Ofe+Of 1 ) = 0, 

k=l 

m 

b ) A 2m+ + 2 2) ' _1 («i> "2) = A diag(l, 01, a m , -1, a" 1 , of 1 , 1), ^(o fe +o fc v ) = - 

k=i 
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In particular we have in both cases: 

A™ = A diag(« fc )L , <* n = 1, a ^ 1. 

□ 

Case 3) . We prove the irreducibility of the representation 

01 >-> of = (?i(q, n)Dl(q) o 2 i-f erf = D n (q)a 2 (q, n), 

where (see (}T9]) ) D n (q) = diag(g r )™ =0 . By Lemma [20] below we show that 
the operator A, commuting with ai(q,n)D^(q) is upper triangular under cer- 
tain conditions. Further, by relation ffT7|) A commute with S(q)A hence by 
Lemma [TBI A is diagonal: A = diag(a o, • ••> a™)- Using again the commutation 
ai(q, n)Ay4A _1 = Ari(g, n) we get <Ji(q, n)A = Aai(q,n), since AAA^ 1 = A, 
hence, by Lemma [9] A commute with /3(g) = ln^) o"i(g, n) = (<7i(g, n) — I)i 
where 

ln (g) (7i (g, n) = ^ — — (ai(g, n) - J) r 

and if /3 kk+1 (q,n) := (<7i(g,n) - I) k k+i = C^Ifc -1 (?) 7^ we conclude by 
Lemma [T21 that A is trivial. 



Definition 2. VFe say that the value of q is suspected (for reducibility of the 
representation o~ D (q, n) ) if for some 2 < r < n holds (r) q = 0. 

Lemma 20 Let an operator A e Mat(n + 1, C) commute with o"i(g, n)-D^(g). 
then A is also upper triangular, i. e. 

A = ^2 a km E km . (82) 

0<k<m<n 

if for any < r < | there exists < zo < %% < ■■■ < i r < n such that 

M^XT(F: n (q,l))^0. 



PROOF. For n = 1 we get o~i(q, l)D\(q) = o"i(l, 1) hence we are in the case 
1) i.e. q = 1. For n = 2 we have (see ([3} and ( 1191) ) 



<M,,2) = (i 1 ri), Dfo) = (jj!5), ai(,,2)c!to) = (§T0 = 

q 1+q l\ /aoo a i a 2 \ / qaoo+(l+q)aio+a20 gaoi + (l+g)an +a 2 i qa2i + (l+q)ai2+a22 
1 1 I HO ail ai2 = ai +a 2 o ail+021 ai 2 +a 2 2 

1 / V a 20 121 a 2 2 / \ a 2 021 Q22 

/a 00 a i a 02 \ ( q 1+q l\ / a "0° a O o(l+g)+a i aoo+a i+a 02 \ 
I aio an 012 o 1 1 = ai g a 10 (l+q)+a 11 ai +an+ai 2 
U20 " J1 " 22/ \0 lj \a 20 q a 20 (l+q)+a 21 a 20 +a 21 +a 22 I 
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If we compare the first columns we get 

{(l+q)a 10 +a 20 =0 / \ 

(i-g)a 10 +a 20 =o or [er^g, 2)D\(q) - ql]a {0) = 0, where a (l>) = ( o 10 ) . 
(l-g)a 20 =0. " Va2o/ 

Let a (0) = 0. If we compare the second columns we get 

{ Zl=o OT Wi (?. 2)Z>I(g) - 7]o« = 0, where a« = ( J ) . 



By analogy for n = 3 we have 

M<7, 3)D«( 9 ) - g 3 /]o^ = 0, Mg, 3)D«( g ) - g 2 I]o« = 0, 



[«Ti(g,3)D§( g ) - gi /]o^ = 0, 



where a (0) = (0, oi , a 20 , a 3 o)*, 



(0,0,031,031)*, a (2) = (0,0,0,a 3 2)*. For 



general n we get 

[<7i(g, n)D|(g) - g n _ fc i> (fc) = 0, a {k) = (0, 0, a k+1)k , a nfc )*, < k < n. 

To prove Lemma it is sufficient to show that all solutions of the latter equations 
are trivial. We rewrite the latter equations in the following forms: 

{a 1 (q,n)~q n ^ k {D t n {q))- 1 ]b ik) = 0, < k < n, where b {k) = £>|(g)o (fe) . (83) 

Set (k n ) := <7i(g, n) — qn^k^D^qj)^ 1 . The equations (1531 for n = 2 gives us 

<7i(g,2) = fo^n , f o i-I I ) (ho) =0, ! V V i ] ( .ii ! = 0. 



q-l 1+9 1\ / 
1,0 

o o o / V 621 



Hence 6<°) = if some of minors M^^), -^12(02) or ^12(02) are n °t zero. 
Further we get = since M 2 ° (1 2 ) = 1. We have 



M 1 ° 2 1 (0 2 ) 



1+9 1 

l-q 1 



M£(F s 2 (g, 1)) = 2g 



M° 2 2 (0 2 ) 



l+g l 

1-g 



l-q 1 
I-9 



M^i^g,!)). 



M£(F* 2 (q,l)), M 1 1 |(0 2 ) 

The suspected case (see Remark) is /3oi(g, 2) = C 2 (g) — 1 + g = i.e. 
g = — 1. We show later that the representation is reducible in this case. For 
n = 3 we have -Djj(g) = diag(g 3 , g, 1, 1) and 

(h) = a 1 (q,3)-q k (Dl(q)r 1 



' 1 1+q+q 2 1+q+q 2 1 1 
1 1+9 1 
00 11 

. 1 , 



/ q J 

q I g 
0010 
V 001- 



l-9fe/93 1+9+9 2 l+g+9 2 1 
i-9*/g2 1+9 1 
i-9*/gi 1 

000 i-9*/go. 
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so the equations (1531 for n = 3 gives us 



' 1+q+q 2 1+q+q 2 1 

1-q' 2 1+q 1 

l-q 3 1 

.00 1-g 3 




l-q~ 2 1+q+q 2 l+q+q 2 1 
1+q 1 

1-q 1 

1-<J 




0. 



l-q-' A 1+q+q 2 1+q+q 2 1 " 

1-q' 1 1+q 1 
1 

0- 



&32 



We conclude that = if M^ li2 (0 3 ) = Mi° 2 ^ 2 (F s 3 (g, 1)) + for some 
< i < k < i 2 < 3, further = since A^(l 3 ) = M^F^g, 1)) = gV 0, 
and &( 2 > = since M 3 °(2 3 ) = M°(F° 3 (q, 1)) = 1 ^ 0. We have 



M-(0 



1-g 2 l+ 9 1 
1-q 3 1 
1-q 3 



(l-g 2 )(l-g 3 ) 2 , M 3 °(2) = l, (84) 



l+9+g 2 l+g+9 2 1 
1-q 2 1+q 1 
1-g 3 1 



2g 3 (l+g+g 2 ), M%(1) 



l+q+q 2 1 
1+q 1 



q 2 . (85) 



The suspected case (see Remark) are (3oi(q, 3) = C 3 (g) = 1 + q + g 2 = 
and (3 12 (q,3) = C\(q) = 1 + q = i.e. g 3 = 1 and g 2 = 1, q ^ 1. Finally 
the suspected values are q = = exp(27u/3), g = a 2 = exp(27u2/3) and 
exp(27ri/2) = — 1 where 



(2) 

q = a\ J 



exp(27rzfc/s), < k < s, s = l,2, ... 
We show later that the representation is reducible in this case. 
Since -D|j(g) = diag(g 6 , g 3 , g, 1, 1) and 

(A; 4 ) = a 1 (g,4)-g fc ( J D|(g))- 1 



*6) 



/l (l+g)(l+g 2 ) (1+ ? 2 )(1+<HV) (l+ g )(l+g 2 ) l' 






\ 

\0 



l+9+g 2 
1 









(** 





\ 







9 3 





| - Qk 








goo 




oo 





10/ 







1/ 



(l-q k /qi (l+q)(l+q 2 ) (l+q 2 )(l+q+q 2 ) (l+q)(l+q 2 ) 
1~W?3 1+q+q 2 1+q+q 2 

l-9fc/<?2 1+g 

l-q k /qi 

\ 



1-Qk/qo ) 



the equations flHBl for n = 4 gives us 



/0 (l+g)(l+g 2 ) (l+g 2 )(l+ g +g 2 ) (l+g)(l+g 2 ) 1 \ Q 







Vo 



1-q 3 






1+q+q 
1-q 5 





i+q+q 2 

1+q 

i-q 6 
o 



1-q 6 / 



( l-q-* (l+q)(l+q 2 ) {l+q 2 )(l+q+q 2 ) (l+q)(l+q 2 ) 1 \ 

1+q+q 2 1+q+q 2 1 

1-g 2 1+q 1 

1-g 3 1 

1-g 3 / 
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l-q~ 5 (l+q)(l+q 2 ) (l+<? 2 )(l+9+<7 2 ) (l+q)(l+q 2 ) 1 

l-q~ 2 1+q+q 2 1+q+q 2 1 

1+q 1 

l-q 1 

l-q 

l-q- 6 (l+q)(l+q 2 ) (l+q 2 )(l+q+q 2 ) (l+<z)(l+9 2 ) 1 
l-q~ 3 1+q+q 2 1+q+q 2 1 

o o i-q- 1 i+q 1 

1 



The suspected case are /3 i(g, 4) = C\(q) = 1 + q + q 2 + g 3 = 0, /?i 2 (g, 4) = 
Cl(q) = 1 + q + q 2 = and/3 23 (g,4) = C 2 x (g) = l + q = Q i.e. q s = 1, 2 < s < 4 
and g 7^ 1. Finally the suspected values are q = afe , 1 < k < s < 4. 

For the general case n e N the suspected case are g fc = 1, 2 < k < n and 
g 7^ 1 i.e. q = ajj. , 1 < A; < s < n. 



□ 



Lemma 21 T/ie representation 

0-1 i-> erf (g,n) := (Ti(g,n)D* (g) cx 2 h-> erf (g, n) := D n (q)a 2 (q,n), 



is irreducible if and only if (n) q = l + g + ... + g n 1 7^ 0. 





PROOF. For n = 2 and (2), = 1 + g = we have (see (|3|) and (fT9|)) 

The vector e 2 = (0,1,0) is the eigenvector for crf(g,2) and crf(g, 2) with 
eigenvalue equal to 1: 

af (g,2)e 2 = e 2 , crf(g, 2)e 2 = e 2 . 

hence the subspace V 2 = {te 2 = (0,t, 0) | t G C} is nontrivial invariant 
subspace for erf (g, 2) and <rf (g, 2). 

Let 1 + g 7^ 0. If we set = a® (g, 2), = 1,2 we get 

A-i / 

(Ji - / = 01, cr 2 - / = -1 
V 0/ V 1 

Since 

/ n 2 f (q-l) 2 (q-l)(l+q) 2q\ 2 

[ai — l)=\ , (cr 2 - 1 ) = 
V / 





-(l+g) q-l 







2q -(l+q)(q-l) (q-l) 2 
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we conclude that 



A x := (a, - I) 2 - (q - 1)^ - /) = (o o , (87) 
A 2 := (a 2 - I) 2 - (q - l)(a 2 - I) = ( A o o 



1+g 



Further we get 



/ 1+g \ . . i . / 

(1 + g)" 1 ^^ = 1-5 o o , (1 + q)- 1 A 2 A 1 = (ooi-9 



0/ \0 1+9 



Finally we have 5 matrix 

/Q0 1+g\ , / 0\ /1+g Q 0\ / \ /0 g 

a = o o 1-9 . 6 = 1-9 o o , c = 1-9 o o , d = o o 1-9 gSYg) = o-?o 
Voo / V^ 00 / V 00/ V 001 +<?/ \1 

We get 

(l + q)'\a-d) = (lll),(l + qrHc-b) = (h i o o), 
hence we have 

n, w- \-\, ,\ /0 9\ / 1 00\ / -9 

qS(q)(l + q) (c - b) = (0 -9 J 00) = 

and 

w- t\ / <?\ /oo 1 \ / -q 

qS(q)(l + qy (a-d) = (j-goj (oo_oj = ^00 

Since g / 1 we can obtain 



ioo\ /ooon /ooi\ /ooo\ /ooon T /100 

I) n ) , yo J , (0 0), I 00" I . ! I 11 ) = 1 — ( 11 



OOO/'VlOO/' V000/' V001/' V000/ V001 



Using again 

/9-1 1+9 i\ / 

0"! - / = 1, (7 2 - 1 = - 1 

V 0/ V 1 -(!+«) 9- 1 

we conclude that we can obtain the following matrices 

'0 I+9 0\ 11 / 

1 ' '-100 



" : =(n a)- 



-(1+9) 



By Remark [TU1 two latter matrices generate Mat(3,C) if (2) g = 1 + g / 0. 
Using the latter and the previous matrices we can obtain 

/010N /000N /000N /000N 

000,001, 100, 000. 

Vooo/ Vooo/ Vooo/ V01 0/ 

Indeed we have 

IOON/OI+9ON / l+g N /ooin/o on /o 



/ 1 N / 1+9 UN / 1+g UN /001N/UOUX / U U 

000 1 = , 1 = 00 
vooo/ Vo 0/ Vo 0/ Vooo/V 01 +<? / Voi+go 
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Finally we conclude that we can obtain all matrix units E^ ni < k < 2 so 
the algebra, generated by two matrices erf(g, 2) and crf(g, 2) coincides with 
the algebra Mat(3,C). So our representation is irreducible for n = 2 when 
(2) q = 1 + q ^ by the Remark [ID 

Let n = 3 and (3) 9 = 1 + q + q 2 = 0. Then q = a% := exp(27n&;/3), k — 1, 2 
and we have 

/<? 3 9 (l+g+ 9 2 ) l+ g +<? 2 1\ /I IN 
a f (g, 3) = g l+g 1 = o« !+«« 1 

1 vy ' ; o o 11/ loo 11/ 

Vo o oi/ Voo 01/ 

/ 1 0\ / 1 0" 

Df . ( -1 1 \ / -1 1 

^2 (9,3) = 1 -(l+g) , I = x o 

\-l (1+q+g 2 ) -<?(l+g+<7 2 ) q 3 / \-l Q 1. 

Obviously, the subspace V3 = {(0, ti, £2, 0) | (£1, £2) € C 2 } is invariant subspace 
for erf (g, 3) and erf (c/, 3). 

Let (3) 9 = 1 + g + g 2 7^ 0. If we set erfc = erf (g, 3), k = 1, 2 we get 



'? 3 -l?(l+((+ 1 ) 2 ) l+ 9 +? 2 l\ / ,-, „ u 



\ 

^1 - 1 = I J V ^ 1 J > ff 2 " 1 = I ~1 -(!+,) q-1 • 

V 0/ V -1 (l+q+q 2 ) -q{l+q+q 2 ) 9 3 -l / 

To generalize expressions f[8"Tj) we note the following 

Remark 22 Let P4 be the characteristic polynomial of the matrix A, in the 
space C n+1 with the spectra (Xk)k=o 

n 

P A (x) = l[{x-\ k ), then A 1 =P ai (a 1 )(a 1 -I)- 1 . (89) 

k=0 



Indeed we have Sp <j\ = {q, 1, 1}, hence 

P CTl (er 1 ) = (er 1 -g/)(er 1 -/)(er 1 -J) 

and 

A 1 := (at - I) 2 - (g - - I) = (<n - gJ)(er 1 - /) = P (Tl (er 1 )(er 1 - J)" 1 . 

We would like to find the expression for P ai (er 1 )(er 1 — J) -1 (when n = 3) in 
the following form (see (157)1 ) 



/ x 
-1 _ I (l+g)t 

I (l-q)t J 
\ / 



To find x and £ we use the identity (cri — 7)P . 1 (cr 1 )(er 1 — I) 1 = i.e. 

/ q*-l q(l+q+q 2 ) 1 \ /OJjjj*. A 

g-1 l+g 1 _ n 

I 1 M o (l-q)t I - u - 

V o o o/\oooo/ 
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We have 



= (g 3 - l)x + [g(l + q + g 2 )(l + g) + (1 + q + g 2 )(l - q)]t = (1 + q + q 2 



IX 



{(g - l)x + [g(l + q) + (1 - q)]t} = (1 + q + g 2 )[(g - l)x + (1 + q 2 )t] 

hence x 3 :— x — 1 + q 2 , t 3 :— t — 1 — q. Before we have calculated x 2 
1 + q, t 2 — 1 — g. Finally we have 



1+q 2 
1-q 2 
(1-q) 2 



,000 







Let n = 4 and (4) g 
1, 2, 3 and we have 



1 + q + q 2 + g 3 



0. Then g = 4 4) := exp(27riJfe/4), k 



( V 3 g 3 (i- 
o 



\ 

\ 





-(1+9) 
-1 l+q+q 2 



1 




1 1 ' 

q 3 q(l+q+q 2 ) l+q+q 2 1 

q 1+q 1 , , 

1 1 

1- 



-q(l+q+q 2 ) 
\ 1 -(l+q)(l+q 2 ) q(l+q)(l+q 2 ) 

Obviously, the subspace V 4 = {(0, t±, t 2 , t 3 , 0) 
subspace for <xf(g, 4) and o-,f (g,4). Let (4) g = 
like to find the expression for P CT1 (cr 1 )(cr 1 — /) 
form 



10 0- 

-11 

1 -(1+q) q 

-1 l+q+q 2 -q(l+q+q 2 ) q s 

10 1- 

I (ti, t 2 , ^3) G C 3 } is invariant 
1 + q + q 2 + g 3 7^ 0. We would 
_1 and n = 4 in the following 



^>i)(^i-/y 



/ 
' (1- 



q 2 )t 
q 2 )t 

i oooo (i-qft 

\ 



(1- 



As before we get 



/V-l </ 3 (l+«/)(l+</ 2 ) «(l+ 9 2 )(l+«+? 2 ) (l+«?)(l+g 2 ) 1 









<?(1+<Z+<Z 2 ) 
9-1 






x 
(l+g 2 )* 
(l-9 2 )t 
(1- 




-q) 2 t 




0, 



hence 

(g 6 -l)a;+(l + g 2 )[g 3 (l + g)(l + g 2 ) + g(l + g + g 2 )(l-g 2 ) + (l + g)(l-g) 2 ]t 

(g 6 - l)x + (1 + g 2 )[l + 2g 3 + g 6 ]t = (g 3 + l)(g 3 - l)x + (1 + g 2 )(g 3 + l) 2 . 
Finally we conclude that 



x^ 



x 



(l + g 2 )(l + g 3 ), U :=t = (l-g 3 ). 



1+g\ 
1-q 
/ 



1+q 2 

1-g 2 

(1-q) 2 
,0 



•0 (l+g 2 )(l+<? 3 ) 
(l+g 2 )(l-g 3 ) 
(l-g 2 )(l-g 3 ) 
(l-q) 2 (l-q 3 ) 
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For n = 3 and q 



-1 -1 1 1\ / 1 



*?(g,3)= 8 VSi , ^(9,3)= YJ" g j. 

\ o o o i / \ -l i -l -l / 

We can prove as before that representation is irreducible. For general n the 
proof is similar. □ 



Case 4). We prove the following lemma (see case 3)). 

Lemma 23 Let an operator A e Mat(n + 1, C) commute with ai(q)Dj l (q)A n 
where A n = diag(A , Ai, A n ) with A r A n _ r = c, < r < n then A is also 
upper triangular, i.e. 

A= ^2 a k m E km . (90) 

0<k<m<n 

if for any < r < | there exists < i$ < ii < ... < i r < n such that 
Mtii7X:n l (F r s n (q,X)) ± where „« = ^ = A r /A n _,. 



PROOF. For n = 2 we have (see (ED and (US 



v r ,- , . , 1+9 1 \ /A \ / oA (l+g)Aj A 2 

cri(g, 2)L>JJ(g)A = o i i o Ai o = o Ai a 2 



ooi/\ooa 2 / \o A x 

9A0 (l+q)Ai A 2 \ / a 00 aoi a 02 \ 
Ai A 2 a io an a i2 = 
Ai / ^ a20 0,21 a22 ' 

9A a o+(l+g)Aiaio+A 2 a 2 o <jA aoi+(l+g)Aiaii+A 2 a 2 i gAoa2i + (l+g)Aiai 2 +A 2 a 22 
Ai£iio+A 2 a 2 o Aian+A 2 a 2 i Aiai 2 +A 2 a 22 

A 2 a 2 o A 2 a 2 i A 2 a 22 

/ a 00 a i a 02 \ /g 1+g 1 \ / A \ / aoogAo [a o(l+<?)+aoi]Ai [aoo+aoi +a 02 ] A 2 \ 
I 010 011 ai2 ) 1 1 Ai = aiogAo [aio(l+g)+an]Ai [aio+aii+ai 2 ]A2 
U20a2lO22; \» 1/Vo \ 2 J \a 2Q q\ [a 20 (l+q)+a 2 i]Xi [a 20 +a 21 +a 22 ] A 2 / 

If we compare the first columns we get 

{(l+g)Aiaio+A 2 a 20 =0 /ON 
(Ai-gA )ai +A 2 a 20 =o or <7i (g, 2)£>5 (g) A 2 -g 2 A /la w = 0, where a w = Uio . 
(A 2 -gA )a 20 =0. V a2 ^ 

Let a(°) = 0. If we compare the second columns we get 

{ (x 2 X T)ZU OT fa 2)I*(ff) A 2 - qi\iI]aU = 0, where a« = ( | ) . 
By analogy for n = 3 we have 

Mg,3)4(g)A 3 - g 3 A /]a (0) = 0, [a^q, 3)^(g)A 3 - g 2 Ai/]a^ = 0, 
[a 1 (g,3) J D»(g)A3-g 1 A 2 /]a(°) = 0, 
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where = (0, a w , a 20 , a 3o y, = (0, 0, a 2 i, a 3i y , = (0, 0, 0, a 32 )*. 
For general n we get 

[ai(q, n)Dl(q)A n -q n ^ k X k I]a {k) = 0, a {k) = (0, 0, a k+ljk , a nfc )*, < fc < 

To prove Lemma it is sufficient to show that all solutions of the latter equations 
are trivial. 

Let us set (k n ) := a^' k (q,n) := ai(q,n) - q n - k Xk(Dl(q)A n )~ 1 . We rewrite 
the latter equations in the following forms: 

<rf ' k {q, n)b {k) = 0, < k < n, where = Dl{q)A n a (k \ (91) 

If we denote 

F k , n (q, A) = [a^q, n) - q n . k X k (D{(q) K)- 1 } 3 (92) 
we get by Lemma M 

F k , n (q, A) = [<rx(q,n) - q^uXkiD^q)^)- 1 ] 8 = 

= exp {?) (j^ir + l) q E rr+1 ^j - q n _ k \ k (D n (q)kl)- 1 

The equations ( 1831) for n = 2 gives us (we set = X k /X m ) (0 2 )&^ = and 
(1 2 )&W = or 



9 1+9 1 
11 
1 



1+9 1 
X-qul 1 



l-gf§ / \ 620 



610 = 0, 



l-qvl l+q 1 
1 






l-vl I \ b 21 



0. 



Hence 6 (0) = if M^ 1 ^) ^ for some < i < % x < 2 and &W = since 
M 2 °(l 2 ) = 1. We have 



Afg(0 2 ) 
hence 



1+9 1 
l-qv° 1 



, M£(0 2 



1+9 1 
l-?^ 



Af£(0 



1-91/J 1 
1-9^° 



M 2 °(l, 



M^O,) = A)), M° 2 (0 2 ) = M°|(FQ 2 (g, A)), 

Mg(Oa) = ilfSM.A)), M 2 °(0 2 ) = M 2 (F*(g,A)), 



where i/W = (v { k r) )t =0 , v ( k r) = A r /A 2 _ fc and < r < [§] = 1. We have 



AG?,!/) ^M^CO, 



1+9 1 

l—gvi 1 



g(l + ^i) =g(A 1 + A )/A 1 



M|(0 2 ) = 1 - gz/ 2 ° = (A 2 - gA )A 2 . 

We see that Mg <1 (0 2 ) = for all < z < i x < 2 if and only if M 1 ° 2 1 (0 2 ) = 
and M|(0 2 ) i.e. A + Xi = and A 2 - gA = 0. 
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Remark 24 We note that conditions Aq + Ai = and A 2 — q\o = contradicts 



with conditions A r A n _ r 



c, < r < n (see [2^1 , for n = 2 we have A A 2 



\{). Indeed otherwise we have A 2 = gA an d Ai 



-A hence Xf = Aq and 



A A 2 = qX 2 Q so \\ ^ A A 2 ifq^l- 

In the general case n G N we should calculate the following determinant: 



D n (q,u) : ' 



C7i(g,n) - g n A ( J Dl(g)A„ 



-1 



(93) 



Since D\{q) = diag(g 3 , q, 1, 1) and 

(h)=a 1 (q,3)-q k (Dl(q)A)- 1 



' 1 l+q+q 2 l+q+q 2 1 ' 

1 1+q 1 

11 

. 1 . 



<?3-fcA* 



<j 3 A 

qXi 

A 2 

A 3 



l-<?3-fe/92^ 1+9 

i-qs-k/Ql^ 



\ 

the equations ( 1831) for n = 3 gives us 



o 



l-gs-i/got'f . 



/ l+q+q 2 l+q+q 2 1 

l-g 2 i/° 1+q 1 

1-<j 3 j/° 1 

\ 



l-q 3 u^ 




l-q-' 2 vl l+q+q 2 l+q+q 2 



1+9 

l~qv\ 






l-q-^v 2 l+q+q 2 l+q+q 2 
l-q~ x v\ 1+q 







We have 



l-q 2 v\ 1+q 
l-g 3 ^ 



M ^(0 



l+q+q 2 l+q+q 2 1 
1-g 2 ^ 1+q 1 
l-<rV° 1 



l+q+q 2 1 
1+q 1 



q\ 



M 3 °(2 3 



hence 



Mi°r(0 3 ) = M^(F^(q, A)), M^(l 3 ) = M*f (F^g, A)), 

M^(2 3 ) = Ml (F 2 s )3 ( g ,A)). 
Since ^(g) = diag(g 6 , g 3 , g, 1, 1) and 

(fc 4 ) = ai (g, 4) - q 4 „ k \ k {D\{q)A 4 y l 



(l (l+g)(l+g 2 ) (l+q 2 )(l+q+q 2 ) (l+q)(l+q 2 ) l' 

1 1+g+g 2 l+g+<j 2 1 

1 1+q 1 

\ 1 1 

\0 1, 



— q4-k^h 



/q e X 
g 3 Ai 
q\ 2 
. A 3 
\ A 4 , 
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/l-ffrfc/W (l+9)(l+9 2 ) (l+9 2 )(l+9+9 2 ) (l+g)(l+(7 2 ) 

l-H??*/?3 1+9+9 2 1+9+9 2 

l-v%q k /q 2 1+q 

l-^9fc/9l 



V 



l-vfa/qo / 



the equations (1551) for n = 4 gives us 



/0 (l+q)(l+q 2 ) (l+9 2 )(l+9+9 2 ) (l+g)(l+g 2 ) l \ 
l-g 3 i/° 1+9+9 2 1+9+9 2 1 1 / b 



1+q 
l-q 6 v° 



/l-g- 3 ^ 1 (l+g)(l+9 2 ) (l+9 2 )(l+g+g 2 ) (l+g)(l+g 2 ) 1 \ 

1+q+q 2 l+q+q 2 1 

\-q 2 v\ 



\ 



q+r 

1+q 



i-q 3 ul J 



/l-q- 5 u 2 (l+q)(l+q 2 ) (l+q 2 )(l+q+q 2 ) (l+q)(l+q 2 ) 1 \ 
r, i _-2. .2 1 , _ , _2 1 , _ , _2 i 



V 



i-9"S 2 
o 






i+q+q 2 





r,2\n _l_„_L„2l 



1+9+9 
1+9 
l-qvl 




/ l-q- a vl (l+q)(l+q 2 ) (l+q 2 )(l+q+q 2 ) (l+«j)(l+g 2 ) 1 \ 

l-q~ 3 uf I+9+9 2 1+9+9 2 1 

1-9~M 1+9 1 

1 

\ \~v\ J 

hence for n = 4 we have 






0. 



M^r 3 (0 4 ) = Ml¥ 3 r*(Ff A (q, A)), M^ i2 (l 4 ) = Mitr(Fl 4 (q,X)), 

M*f(2 4 ) = M*t(F* A (q, A)), Ml°(3 4 ) = Mi°(F 34 (q, A)). 
In general we conclude that the system of equations (l9Tj) 



af' fc (g,n)6 (/c) = 0, 0<fc<n-l 



has only trivial solutions 6^ = if and only if for any < r < 
exists < i < ii < ... < i n - r -i < w such that (see (|24|) ) 



there 



r+lr+2...n I 



71 JT^Q^i ■ ■ - In — r — 1 

Jw r+lr+2...n 



(F« fe,A))^0. 



□ 



Definition 3. We say that the values of A n = diag(Afc)J? =0 are suspected (for 
reducibility) if for some < r < ~ (see (E$) 

MliXriY.TiKni^ A)) = for all < i < U < ... < i r < n. 

Our aim now is to describe shortly the suspected values of A n , (see 
definition (1651) ). For example if r = we get that for all < iq < ii < ... < 
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i n -i < n 



M- 



?Olj...%-l 
12. ..n 



(i^(g,A)) 



^ M^r^on^, A)) = 0, and M^F^q, A)) = 0. 



(94) 

To complete the proof of the Theorem Owe should show that repre- 
sentation is reducible for suspected values of A n . We should calculate 
the determinant: 



D 3 (q, v) := M 12 3 a x (q, 3) - ^A (Z^(g)A 3 ) 



-i 



M 



012 
123 



' 1 1+q+q 2 l+q+q 2 1 ' 

1 1+q 1 

11 

,0 1. 



g 3 A 

,3\ | <jAi 

A 2 

A 3 



g 3 A 



Let us denote by (*) the conditions (see fl22l) ) A r A n _ r = c, 1 < r < n 
and by D n (q, u)* the value of D n (q, v) under these conditions. 



We have 



D 3 {q, v) 



l+g+<j 2 1+q+q 2 1 
l-q 2 i/i 1+q 1 
1-<j 3 i/2 1 



q+q 2 {l+vi) q 2 

l—q 2 v\ q+q 3 i>2 



) 1 
l-<J 2 t/l l+(J 2 l/2 



g 3 [l + (1 + q)ui + q(l + q)v 2 + g 2 z^2 
A 3 = gA hence (*) =>• A A 3 = gA 2 , = AiA 2 , so z/ii/ 2 = q~ l 
D* 3 {q, v) = g 3 [1 + q + (1 + g>i + g(l + g> 2 ] 
g 3 (l + g) 



= g 3 (l + g) [1 + v x + gz/ 2 ] 
g 3 (l + g) 



A1A2 

Finally we get 



gA + A A 2 + gA Ai 



A1A2 

g 3 (i + g)A 



AiA 



[A]A a + A A 2 + gA Ai] 

[gA + gAi + A 2 ] = 0. 



g 4 (l + g)Ag 
AiA 2 



1 + oti + g a 2 =0 with a+a: 2 = g, where = A /Afc. 



If we replace Si = oti, ct 2 = g 1 a 2 we get ai + a 2 = — 1, «ia 2 = 1. Using 
( 1751) and ( 1761) we conclude that 



k = 1,2, 



A 3 = A diag(l, (-1 ± zV3)/2, g(-l =f iv^A g 3 



2nik, 



A diag(a , «i, ga 2 , g a 3 ) = A -D 3 (g)diag(a fc ) A . =0 , where a k = exp(± 

The latter values of the matrix A 3 contradicts with conditions A r A n __ r = c. 
Indeed, AiA 2 /Aq = a+ga 2 = g but A A 3 /Aq = a g 3 a; 3 = g 3 . They coincide 
when g = g 3 or g = ±1. 
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For n = 4 we have the following determinant: 



M 012 
1V1 123 



We have 
D 4 (q, v) -- 



( 1 (l+g)(l+g 2 ) (l+q 2 )(l+q+q 2 ) (l+g)(l+<? 2 ) 1 

1 1+q+q 2 l+q+q 2 1 i ., > 

1 1+g 1 I ~~ Q A o 

,0 1 1 

\0 1 



/q 6 \ 
g 3 Ai 
q\ 2 
. A 3 
\ A 4 . 



(l+ 9 )(l+g 2 ) {l+q 2 )^+qW) (l+q)(l+q 2 ) 1 

1-? 3 H l+q+q 2 1+q+q 2 1 

l-q 5 v 2 1+q 1 

i-g 6 ^3 1 



q+q 2 +q 3 (l+u 1 ) q 2 (l+q+q 2 ) q 3 

l-<? 3 ^i (j+(j 2 +(j 5 v2 q 2 







1—9 ^2 9+9 ^3 



In the general case n G N we should find 

D n (g, v) and D n (g, z/)* 

and prove the reducibility. 

9.2 Subspace irreducibility 

Let us denote by a A (q,n) the representation of B 3 defined by fl22|) . 

Problem. To find a criteria of the subspace irreducibility for all representa- 
tions cr A (g, n). 

We study here only some particular cases. 

Theorem 4. The representation a A (q,n) is subspace irreducible for n = 1 if 
and only if A x 7^ Ao(l, at) where a 2 — a + 1 = 0. 



PROOF. Reducibility for n = 1 . The eigenvalues of oy(l, 1) = ( A ° \\ ) and 
4(1, 1) = ( _\ ° ) are the following 

e A - I ) > e A x — ^ A1-A0 / ' Ao — I 1 / ' e Ai ~~ I A -i J • 



or in a short form 

fe (1) e (1) 



We see that e^ 1 and are linearly independent if and only if 



) ■— \Q A1-A0 J ' v A j e Ai / ,— ^ 1 A" 1 J' 



P) 



deti(A , Ai 



AqAi 



Ai Ao— Ai 
Ai— Ao Aq 



Al Aj^ — A 

Ai — Ao \ 1 1 



An Ai , 

-° +-1-1^0. (95) 

Ai Aq 
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If we set a = we get a + a 1 — 1=0 or a 2 — a + 1 = hence if 



1 

A 2 = Aodiag(l, a) : a 2 — a + 1 = 0, ai >2 — — ± — — , a± t 2 = exp(±27ri/6), 

(96) 

the representation is reducible. 

Irreducibility. We have 

A, := 4(1, 1) - Xol = (° 0Xl \ ), A 2 := 4(1, 1) - \ I = g) 

If Ai — Ao = we get E 0i = (|j J) and E w = ( ? {] ). They generate the matrix 
algebra Mat(2,C) (see Remark) hence the representation is irreducible. 

If Ai — A 7^ we have 

4 4 _ ( Ai W Ai-Ao 0\ _ \ / Ai 0\ 4 _ ( \i-X 0\ 

^Mi = f ^ ° ) ( ° A, A -\ n )=Xi(° A — ~x A ° ) , A " ' ° Al 



-A oy V° A i- A o7 _ 1 V° - A « /' 1 ~~ 1° A i~ A o / ' 

hence A\A 2 and A 2 (resp. A 2 A! and Ai) generate elements £"00 and E w (resp. 
Eqi and En) iff deti(Ao, Ai) 7^ 0, the representation is irreducible. □ 



For n = 2 reducibility. The eigenvalues of 

4(1,2) = (o^g), 4(1,2) 

are as follows 



a 2 

Ai -Ai 
Ao — 2Aq Ao 



e ( , 1} = ( h) el 1} = ( \1-\0} , el 1 - 1 = \ aS-aJ) ) , 
Ao Al V / V( A 2 - A i)( A 2 - A o)/ 

/ \ / (A,7 1 -Ar 1 )(A,7 1 -A,7 1 ) ~ 

V A i / V A 2 1 ( A 2 " 1 + A r 1 ) 

or in the short form 

(4o , 4? , eg ) = ( A i~ A o SX-Ao) ) , 

V° ( A 2- A o)(A 2 -Ai) / 
(AJ 1 -A7" 1 )(A7 1 -A,7 1 ) ' 

(4 2 o> 4?> 4?) = I A r 1 - A <7 1 ^W-O 

1 A7 1 A-^A-^Ar 1 ) 



l e A > e Ai 1 e A 2 hi ~ l e A > e Ai i e A 2 )2-i,j- 
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Let now A 2 — A = 0. To find e^j we write (erf (1, 2) — X I)a = or 



2Ai A \ /a 
Ai — Ao A 




(n° \ _ n / 2Aioi+A a 2 =0 
\ a\)~ U ' I (Ai-A )ai+A a 2 =0 

We see that (ai, a 2 ) = (0, 0) i.e. = (1, 0, 0) iff Ai + A ^ 0. Indeed 

A (Ai + A ) = <£> Ai + A = 0. 



2Ai Ao 
Ai — Aq Ao 



In this case we have 



■ 1 , 



so representation is irreducible. If A x + A = we conclude that (ai,a 2 ) = 
(Ao,-2Ai) and ejj'* = (t, A ,-2Ai). To find ejj we write (erf (1, 2) - A i> = 
or 

^aAoO^'A 0, f Aiao+(Ai— Ao)ai=0 
An -2An 0/ Va 2 / ' L A ao-2A ai=0 



e2 ) ' T = (2Ao,A ,T). We have 

(«>) = (AvO- (^4?) = ( 2 iV->). 

Two vectors (a, 6, t) and (r, c, ci) are proportional if and only if 

\ a b \ n I b 1 1 n I a * I n 

U > I c d I — U ' I t d I — u - 



T C 



If 6 7^ and c^Owe have r = y , t = y and hence | " ^ | = 0. Two vectors 

e A?'* = ^0) — 2Ai) and e^' T = (2A , A , r) are proportional for t = 2A and 
t = — 2Ai. In general (without condition AoA 2 = Af ) the family of two matrix 
erf (1, 2) and erf (1, 2) is irreducible if and only if A 2 — A = and A + Ai ^ 0. 

In our case we have AoA 2 = \\ hence Ag = A^ and Ao = ±Ai. If Ao = Ai we 
get A 2 = Aodiag(l, 1, 1), the representation is irreducible, if Ao = — Ai we get 
A 2 = Aodiag(l, — 1, 1), the representation is reducible. 

Irreducibility. Let us denote = (erf (1,2) - A /)(erf (1, 2) - XJ), % = 1,2. 
We have 

/0 A 2 (A 2 +Ai) \ / (A 2 -Ai)(A 2 -A ) \ 

A x — A 2 (A 2 -A ) , A 2 = -Ai(A 2 -A ) 

\0 (A 2 -Ai)(A 2 -A ) / \ A (A 2 +Ai) 00/ 

/ A 2 (A 2 +Ai) 0\ / (A 2 — Ai)(A 2 — Ao) \ 

A X A 2 = A 2 (A 2 +Ai) a 2 (a 2 -a ) oo I A 2 Ai = A 2 (A 2 +Ai) oo -Ai(a 2 -a ) 

V (A 2 -Ai)(A 2 -A ) 00/ V A (A 2 +Ai) / 
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Remark 25 For n = 2 the representation is subspace irreducible if and only 
ifA 2 = A diag(l,l,l). 

For n = 3 the eigenvalues of erf (1, 3) and erf (1, 3) are 

/l 3Ai 3A 2 (A 2 +A!) A 3 [(A3+A2)(A3+Ai)+A 3 (A2+Ai)]' 
(J 1 ) JXi J 1 ) f,W\ - A i- A « 2A 2 (A 2 -A ) A 3 (A 3 +A 2 )(A 3 -A ) 

l e A ' e Ai > e A 2 > e A 3 J I o (A 2 -Ao)(A 2 -Ai) A 3 (A 3 -Ai)(A 3 -A ) 

\0 (A 3 -A 2 )(A 3 -Ai)(A 3 -A ) 

l e A > e Xi > e A 2 > e A 3 - l e A- 1 ' e A^ 1 ' e A 2 - 1 ' e A3 1 ' ,3 -«- 

For n = 4 the eigenvalues of erf (1, 4) and erf (1, 4) are (e^\ e^, e^, e^) 

/l 4Ai 6A 2 (A 2 +Ai) 4A 3 [(A 3 +A 2 )(A 3 +Ai)+A 3 (A 2 +Ai)] A 4 [(A4+A 3 )(A4+A 2 )(A 4 +Ai)+] \ 

Ai-Ao 3A 2 (A 2 -A„) 3A 3 (A 3 +A 2 )(A 3 -A ) A 4 (A4+A 3 )(A4+A 2 )(A 4 -Ao) 

(A 2 -A„)(A 2 -Ai) A 3 (A 3 -A 1 )(A 3 -A„) A 4 (A 4 +A 3 )(A 4 -Ai)(A 4 -A ) 

(A 3 -A 2 )(A 3 -Ai)(A 3 -A ) A 4 (A 4 -A 2 )(A 4 -Ai)(A 4 -A ) 

\0 (A4-A 3 )(A 4 -A2)(A4-Ai)(A 4 -Ao) / 



l e A ' e A x ? e A 2 > e A 3 > e A 4 hj - l e Ao 1 ' e A- 1 ' e A- 1 ' e A3 1 ' e AJ 1 ' l4 - J J- 

In general for different A&, < K n we get 



, (2) (2) (2h / (1) (i) (i) x n <,-,-<„ 

l e A ' e Ai 5 e A n — v A -1 ' A -1 ' '"' e A-^ n - 1 '-?' — > J — 

1 71 



Remark 26 To study the subspace irreducibility it is necessary to compare all 
possible subspaces generated by the eigenvalues o/erf(l,ra) and by the eigen- 
values 0/(7^(1,71). 



9.3 Subspace reducibility 



Representation is irreducible in the case 1). We know only some particular 
cases in the case 2). We show that representations are reducible for suspected 
values of A n for small n and r = (see definition 1, p. 24). Let n = 2 and 
A { 2 2) = diag(l, -1, 1). We have 

*(i.2)= (J:?!), ^(i,2) = (j A 8 

The eigenvectors eo for erf (1, 2) and /0 for erf (1, 2) corresponding to the eigen- 
value Ao = 1 are the following 

e* =(*,1,2), # = (2,1,t). 

Indeed we have 

i : „ s D(D=°- (B8)™=* 
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We conclude that 

(e* = (t,l,2)> = (/J = (2,l,r)>^t = r = 2. 

Let n — 3. We have two suspected cases: = A diag(ct:j^)fc =0 , s = 2, 3 
where af* = exp(2irik / s) . We get for = diag(l, —1, 1 — 1) 

/ 1 -3 3 -1\ / -1 0\ 

\0 -1 / \-l 3 -3 1/ 

The eigenvectors e for erf (1, 3) and / for erf (1, 3) corresponding to the eigen- 
value A = 1 are the following 

e* = (t, 1,1,0), / o T = (0,l,l,r). 

Indeed we have 

/0-33-lx / t \ /-2 0\ / \ 

(8-o 2 g=i) (!) =o, (:13- O 2 8)(i)=o. 

V0OO-2/VO/ \-13-3 0/\r/ 

We conclude that 

(e* = (t, 1, 1,0)) = (fZ = (0, 1, 1, r)> ^ i = r = 0. 



Lemma 27 In £/ie suspected cases for r = and n = 3, 4 £/ie representations 
<r A (l,n) is subspace irreducible. 



PROOF. For n = 3 and r = the suspected values of A 3 are as follows 
A 3 = Af := A diag(l, -1, 1, -1), and A 3 = Af := A diag(exp 2mk/3) 3 k=0 . 

If we set ctk = exp(27ri/c/3) and take A = 1 we get A® := diag(l, oti, a 2 , 1) 
and 

/ 1 3ai 3a 2 i\ / 1 0" 

erf (1,3) = a 1 (l,3)A 3 = g « 2 - } , 4(1,3) = A»er 2 (l,3) = _^ £ 8 

VOOOl/ \ -1 3 -3 1, 

To find the eigenvectors for erf (1, 3) and fk for erf (1, 3) we have 

(erf (1, 3) - I)e = 0, (erf (1, 3) - a x I)e x = 0, (erf (1, 3) - a 2 I)e 2 = 0, 
(erf(l, 3) - /)/„ = 0, (af(l, 3) - aj)h = 0, (4(1, 3) - a 2 I)f 2 = 

or 

(0 3«i 3«2 1\ /ao\ / 3«i 3ci2 1 \ / ao \ 

ai-1 2a 2 1 »i _ (1 2a 2 1 «i - (1 

Q 2 -l 1 M a2 / _ ' "2-ai 1 I a 2 I — U, 

00 00/ Va3/ V 1-ai/ Va 3 / 
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1— ct2 3ai 3ct2 1 
ai — Q2 2ct2 1 
1 

l-« 2 



The solutions are the following 




4=( *. 

ei=( 3ai, 
e 2 =( SCai-l)- 1 
/5=( 3(l-ai), 
/i = ( 0, 

/2 = ( 0, 



1+CK2, 

"(1-ai), 
2a 2 , 
3, 
0, 
1-ai, 



1-ai, 
0, 

Q2— ai 
2+ai, 
1— ai , 
2, 



(l-ai)(l-a 2 ) 


s 
3 

1 — «2 



or 



=( 



t, 



°0 _ 

ei=( 3cxp(27ri4/12), 
e 2 =( v / 3cxp(27ri7/12), 
/*=( 3v / 3cxp(27rill/12), 
/i=( 0, 



exp(27ril0/12), exp(27rill/12), 3 

V3exp(27rj5/12), 0, 

2exp(27ri8/12), v / 3cxp(2vrj9/12), 

3, v / 3cxp(27ri/12), s 

0, v / 3cxp(27rill/12), 



h = { 0, v / 3cxp(27rill/12), 

If we set e(k) := exp(27ri/c/12) 



2, 



V3exp(27ri/12) 



4=( *- 
ei=( 3e(4), 

e 2 =( >/3e(7), 
/ T = ( 3%/3e(ll), 
/i=( 0, 
/ 2 = ( 0, \/3e(ll), 



e(10), V3e{ll), 

V3e(5), 0, 

2e(8), %/3e(9), 

3, %/3e(fc), 

0, v^e(ll), 



3 



r 
3 

V3e(l) 



or 



e*=( t, 1, N/3e(l), 3e(2) ) 

ei=( v^, e(l), 0, ) 

e 2 =( \/3, 2e(l), %/3e(2), ) 

/-=( 3, V3e(l), e(2), r ) 

/i=( 0, 0, 1, N/3e(l) ) 

h = { 0, >/3, 2e(l), V3e(2) ) 



We see that there no one- dimensional invariant subspaces for erf (1,3) and 
erf (1,3). We find the two-dimensional subspace in the following form 



V? 



(eo,ei). 



We can verify that /i G V 2 * if and only if £ = £ := V / 3e(— 1). Further we 
get that /J G V^' if and only if s = s = v^3e(3). Finally we conclude that 
two dimensional subspace V^ is invariant for erf (1,3) and erf (1,3) since it 
is generated by eigenvectors e^, e\ for erf (1, 3) and by eigenvectors /q , /i for 
erf (1,3). 

Let n — 4. We have three suspected cases: = A diag(a^' ) )| =0 , s = 2,3,4. 
We get for A? } = diag(l, -1, 1-1,1) (resp. for Af and A^ 4) ) 



1-46-41' 
,0-13-31 

erf 1,3 =001-21 

'000-11 

,00001, 



erf (1,3) = 



10 0" 
1-10 
1-2 1 
1-33-10 
1-46-41, 



l (M) 



(1 4«i 6a 2 4 «i 
ai 3a 2 3 c*i 
a 2 2 Ql 
1 ai 
ai 

(1 4? -6 -4? 1 ' 
i -3 -3i 1 
0-1 -2i 1 
-t 1 
1- 

To find the eigenvectors eo^'* 



erf 



(1,2) 



o oo- 


«2 
3ai a\ 
-4 1, 



n 



Problem, 

and / (s) ^ 

A o diag(4 S 0Lo, 




/i 



0),n p(s), r 2 



/ 2 w,7a for 
2,3,4. 



for erf (1,4) 
erf (1,4) in three different cases A^ = 
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Define in the case Af = diag(l, —1,1 — 1,1) 

V } 2 ^ := (ep = (t, 1,1,1, 2)), W {2) ' T := (f^ T = (2, 1, 1, 1, r)>. 
V} 2lt = Wi 3) ' r ^t = r = 2. 
In the case Af = diag(l, ati, a 2 , 1, «i) we have 

ef'* = (t, v / 3e(0),2e(l),v / 3e(2),0), / (3) ' T = (0, >/3e(0), 2e(l), v^e(2),r), 
hence 

: = (4 3) '*) = WP' T := (/ (3) ' T ) & t = r = 0. 
Define in the case A^f 1 = diag(l, i, — 1 — i, 1) 

T/( 4 )'* ._ / J 4 )'* J 4 ) J 4 )\ U/( 4 )' T ■- /fW' T fW\ 

V4 •— \e ,e 1 , e 2 /, w 4 •— \/ 5/1 5/2 /• 
If we set e(fc) := exp(2irik/8) we get 

e< 4) '' = ( t, e(0), v^e(l), 2e(2), 2%/2e(3) ), 

e< 4) =( 2^2, e(l), 0, 0, 0, ), 

4 4) =( 3%/2e(-l), 3e(0), V2e(l), 0, 0, ), 

e^ 4) =( 2>/2e(0), 3e(0), 2v^e(2), 2e(3), ), 

/< 4) ' T = ( >/2e(-l), e(0), ^e(l), ±e( 2 )> r ), 

/x (4) =( 0, 0, 0, e(0), 2v / 2e(l) ), 

/< 4) =( 0, 0, v^e(l), 3e(2), 3v^e(3) ), 

4 4) =( 0, 2e(0), 2 v / 2e(l), 3e(2), 2 v / 2e(3) ). 

When ^ 4 (4) '* = wf ),T ? 

Problem, n = 5. To find eigenvectors egs'* , e^'* 1 , e^'* 2 , e^'* 3 , for (1,5) 
and /o^ , /i S 5' Tl ) /25' T2 > /is^ 3 f° r ^(l^) corresponding to eigenvalues 
= in four different cases Af = diag(a[, s ' ) )| =0 , s = 2, 3, 4, 5. 





= diag(l, -1,1 -1,1,1), 




= <4 2) '<> 




:= </o (2) ' T > 


A?> = 


= diag(l, ai, a 2 , 1, «i, 0:2), 


v 5 (3),i 


:= (4 S) '*) 


■ = wf' T 


:= (/o (3) ' T 




= diag(l,i, -1 - i, l,i), 






= wf' T := 


= (/o (4) ' T > ; 



Af = A diag(af)Lo, 
V™ := ef\ 4 5) , e?> ), := </< B ", /f, /< 6 > , /f ) . 

Problem, n. To find the eigenvectors (e% ),tk )%£ for of(l,n) and {f ( k s) ' Tk )lZ 2 
for (7^(1, n) corresponding to eigenvalues = < k < n — 2inn — 2 
different cases AW = A diag( 
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Define for 2 < s < n — 3 the subspaces 

: = <ef 5 -*>, := 

and 

V;^:=(e^,e^|l<^<"-2), ^ n) ' T : = 
When VS 8 ^ = Wi s) ' r for0<s<n-2? □ 



(/o (s) ' T ) 



(/o (n) ' T , fl n) I 1 < * < n-2). 



n k )k=o f° r some a G C. We 



Some general formulas. Let A n (a) = diag(a 
find the eigenvectors eo(of) (resp. fo(a)) of the operator <Ji(l, n)A n (a) (resp. 
Af l (a)o"i(2, ra) ) corresponding to the eigenvalue A = 1. We would like to find 
the vectors eo(a) (resp. fo(a)) in the following form e = (//' 
for n = 4 



" fc ^ =0 - We have 




A 4 (a) 



VW 



(a^+1) 4 ^ 4 

(aM+l) 3 =M 3 
or (c^+l) 2 =At 2 

(a M +l) =/" 



so we have f^M+l^j = 1 f° r = 0, 4 or a/x + 1 = /i. Finally 
and we get for n = 4 and for general n 



eo(a) = ((1 - a)~^) 



k=0- 



(1 



For fo(a) we get 



1 o o o (T 
H i-llOOO 

JvAa) 1-21 oo 

'-13-310 
1 -4 6 -4 1, 



w 



VW 



aV 4 =/ 



a(-^ 4 +M 3 )=M 3 
Or a 2 (/Lt 4 -2,tt 3 +/i 2 )=;i 2 

a 3 (-^ 4 +3Ai :i +3Ai 2 +M)=M 
a 4 {[i 4 - 4^t 3 +6^ 2 - 4^+/x° )=/Li° 



or a fc (l — [i) k = 1, < A; < n, fi = 1 — a 1 . Finally we get 



aV=M 4 

<V(i-m)=m 3 

aV(l-M) 2 =M 2 
a 3 M(l-M) 3 =M 
Q 4 (1- M ) 4 = M ° 



For n = 2, A 2 = 
Indeed (see 



1 -2 1 
0-11 
1 



-l\n—k\n 



/o(a) = ((l-a ; ; fc=0 - 
(1,-1,1) and e 2 = (2,1,2) we have a^ 2 e 2 = o"^ 2 e 2 = e 2 . 



(I) 



a 2 A2 e 2 



B5) (!) = (!)■ < 97 > 



For n = 4, A 4 = (1,-1,1,-1,1) and e 4 = (2,1,1,1,2) we have crf 4 e 4 



cr 2 4 e 4 = e 4 . Indeed 



af"e 4 



1-46-41 
0-13-31 
1-2 1 
-1 1 
,00001 




1 
-10 
-2100 

-3 3-10 
-4 6-4 1 
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In the general case for n = 2m, A n = diag((— l) fe )£ =0 and e n = (2, 1, 1, 1, 2) 
we have o~f n e n = o~^ n e n = e n . Indeed we have (see ( H2|) ) if k ^ and k ^ n 



n—r 



(°t n en)k = E *i(l,nW(e»)m = E C£TH) m + C£_* = 1. 



m=k m=k 



m=A; m=0 

(Ci n Cn)n = = 2- 

Since cr^ n = (crf' 1 )^ and e n is symmetric i.e. (e n )k = (e n ) n -k we also conclude 
that o~2 n &n = 6^,. 

Reducibility. We use the following notations 

= diag(4 2) )L , 4 2) = exp(27rtfc/2), of^ = ^(1, n)K%\ 



a 2 A " 2> = (A^)»a 2 (l,n), 1 = (1, 1, 1), 8 = (1, 0, .., 0), 5„ = (0, 0, 1), 
e^ 2 ** = 1 + <5 + 5 n , for n = 2m, and e^ 2 -* = 1 — <5 — 5 ra for n = 2m + 1. 



Lemma 28 For any n > 2 holds 



vfe^ = crfe^ = <$> . (99) 



PROOF. It is sufficient to prove that for n = 2m + 1 operator o~ x n (resp. 
a 2 n ) acts as follows (the vectors in the second line are the images of the 

A (2) 

corresponding vectors in the first line for example a 2 n <5o = —1): 

( 10 °) 

and for n = 2m as follows 

urO' u*fc). (id) 

Indeed, in this case we get for n = 2m + 1 

afe^ = o^(l - 5 - 5n) = H„ - 5o + 1) = e< 2 \ 

4" 2) ei 2) = 4" 2) (1 - *> - *») = Ho + 1 - Sn) = egO. 
For n = 2m we get 

of " 'ef = (1 + <5 + *„) = (5 n + 6 + 1) = 
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afe^ = af\l + 5 + S n ) = (5 + 1 + 8 n ) = egO. 
The proof of ffTOOl) and ffTOll is based on the identity Er= (-l) r Cfc = 0. □ 



9.4 Counterexamples 



By Theorem 3 and 4 we conclude that for n — 1 two matrices 



^(1,1) = ( A o °a0 and a 2 A (l, i; 



Ai 
— Ao Ao 



with A1/A0 = a, a 2 — a + 1 = are operator irreducible but they are not 
subspace irreducible. 

For q ^ 1, A 2 = I, n = 2 two matrices o~i(q, 2) and crf(g, 2) for g = — 1 

1 o\ / 1 
-1 1 = -1 1 



/ 9 1+9 






f-i 




1 


i 


= 


1 


i) 


V 






v 





1 -(1+g) g/ V 1 -1 



are operator irreducible since the minors 



AO0 2 )= i-li = 2 ^ Mi(0 2 ) = l-q 

can not be zero simultaneously (see section 9.1, case 3), proof of the Lemma 
20i) . By Lemma I2T1 they are not subspace irreducible since (2) q = 1 + q = 
etc. 



9. 5 Equivalence 

Theorem 5 If two represenations a A (q,n) and a A '(q',n) are equivalent i.e. 

a A (q,n)C = Caf(q',n), i = 1, 2 

for some C G GL(n + 1,C) i/ien g/g' = 1 for n = 2m and (q/q') 2 = 1 for 
n = 2m — 1. 

PROOF. To obtain a criteria of the equivalence it is necessary to study four 
cases as in the proof of the Theorem 3 (see Section 9.1) separately. 

To prove the theorem it is sufficient to consider the commutation relation for 
some C E GL(n+ 1,C) 

\ \ n S(q)A n C = C\' \' n S{q')A' n . 

□ 
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10 g-Pascal's triangle and Tuba— Wenzl representations 



Proof of the Remark 6.3 (the equivalence of the representations). In 

this section we index row and columns of the matrix A e Mat(n, C) starting 
from 1: A = (akm)i<k,m<n- h is easy to see that for n = 2 the equivalence 

A~V A A = a£, and A"V A A = 4 (102) 
holds. Indeed, we have 

<t = ( o 1 £ ) = M(l), 4 = ^i(l)A = £ ) , where ^(1) = (J }) , A = ° ) 
and 

4 = ( A 2 2 Ai ) = ^(1)A«, a 2 A = AV 2 (1) = ( _t Ai ) , where a 2 (l) = ( } x ?) . 
Hence 



A~V A A = trf and AV^A*) -1 = a 



But A tt = A _1 detA, which yields 



We shall show that for n = 3 and C = diag(l, 1, A3/A2) the equivalence 

a A = CafC' 1 , and a A = Ca^C' 1 (103) 
holds. Indeed, we have 

<7^ = <7i(g)A and o£ = AVr^?"" 1 ))', 

_ A1A3 /l l+g l\ / Ai \ 

where q = — ^ g = 1 1 , A = a 2 . 

A 2 \» 1/ V a 3 / 

To find erf 1 (q), cr 2 (g) and crif 1 ^) we use the following formulas. Let X be an 
upper triangular matrix of infinite order with units on the principal diagonal 
X = I + x = I + J2k<n x knEkn, where Ek n are matrix units of infinite order. 
Let us denote by x^ 1 the matrix element of the inverse matrix X -1 

X- 1 = (I + xY l = I + £ x^E kn . 

k<n 

Since XX' 1 = X^X = I we have 

n n 

^ ' x kr ^rn ^ \ x kr x rn &kn- (^-04) 
r=fc r=k 

The following explicit formula for holds (see [H] formula (4.4)) 

x kk+l = ~ x kk+l, 
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n—k—1 



X 



l = -x k n+ (-!) r+1 x kil x hh ...x irn , k<n-l. (105) 



kn 

r=l k<i\<i2<...<ir<n 

We have 



1 -(l+q) q 
1-1 
1 



hence 



, 1/ ( \ 9 PA A f \ k / Ai AiA 3 AJ 1 +A 2 A 3 

^2 ? = ^(g- 1 « = -i i o , a A = o-i(g)A = a 2 a 3 

\« ) V V A 3 



(To 



/ A 3 



We compare and o"2 with the following expressions (see (J3T]) ) 

^ / Ai A1A3A2 1 +A 2 A 2 \ /A 3 



0i 



-A 2 A 2 

A3 / ~ V A 2 — AiA3A 2 x — A 2 Ai 



We have 



11 1 I ^2 
001/ 

We see that cr[(q) = Ccri(g)C~ 1 where C = diag(l, 1, A3/A2), hence 

a^A- 1 = Ca^A^C- 1 , so 0$ = Ccrf A -1 C -1 A = CafC" 1 
since A _1 C _1 A = (both C and A are diagonal). Further 

(A«)-v = (arV'))« = (i. (1 5 rl) ;), 

and 

Thus ffTTial holds. 

For n = 4we get if we put q = (|^) ^ = D~ x 

a A = ^ = ai {q)A and a 2 A = a% = A* (a^ 1 (q- 1 )) 9 . 
Indeed, we have 

/ 1 1+q+q 2 1+q+q 2 1 
crJq) =01 i+q 1 
iW loo 11 
\o 1 















)■ - 




A 2 





5 ) 


\° 





A3 






\ 








A 4 / 



J 
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hence a£ = cn(q)A = a$ (see (155]) and <M}). To find of ^g) we have by ffTO 

n— 1 Ti—1 



=fc+l 



r=fc+l 



~%kk+li 2-12 



-(1 + g + g 2 



-i 



-(1 + ?), 
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-1, 



X 24 = -X 2 4 - ^23 X 34 = "I + (1 + q) = q, 

Xii = -x 13 - x u 1 x 23 = -(1 + g + g 2 ) + (1 + q)(l + q + q 2 ) = g(l + q + q 2 ), 
%il = -Xu-XnX23-Xii%34 = -1 + (1 + q + <? 2 ) (1 + <?) - <?(1 + q + q 2 ) = -g 3 , 
(where we have used the notation Xk m '■= Ci(q)km), hence 



' 1 -(l+q+q 2 ) q{l+qW) ~q 3 ' 
1 ~(l+q) q 

1-1 

■0 1 



1 -(l+q^+q- 2 ) q-^l+q-^+q- 2 ) 

a^\q- v ) = I o i -(i+q- 1 ) 



and c 2 



where 



i 

-i 



*2(q) = (^(g- 1 ))* = 
Alfc 1 ^- 1 ))* = a$ (see (EHD). 
For n = 5 if we put (see and (jlj)) g -3 



g- 1 (l+g- 1 +« -2 ) -(H-« -1 +« -2 ) 1 



A2 A4 
A1A5' 



A1A5 



we get 



(T ^ = a 1 (q)A and a A = A* (a^ 1 (q- 1 ))* , 



1 (l+g)(l+g 2 ) (l+g 2 )(l+g+<? 2 ) (l+g)(l+g 2 ) 1 
1 1+q+cj 2 1+q-H? 2 

1 I+q 

1 1 

1. 



A 



Ai 

A 2 

A 3 

A 4 

A 5 



'1 -(l+g)(l+g 2 ) q(l+q)(l+q+q 2 ) -q 3 (l+q)(l+q 2 ) q e 
-1 I 1 -(l+q+q 2 ) q(l+qW) ~q 3 

1 9 

1-1 

-0 1 



Setting 7 = (AiA2A 3 A 4 A5) 1/5 in (jlO]) ) we have 

/ *i (1+T^7)(A 2 + t^t) (^+A3+7)(1+^) (1+^)(A 3 +^-) 



0"! 



V 

V 



A 2 



^+A 3+7 

A3 






A i A s 



-A3 +7 



-A3 



A 4 




A 2 A 4 A 1 A 5 
A 1 A 5 

A 4 



a: / 



/1 



( 1+ A2 A 4 ^ 1+ A 2 A 3 A 4 



(*)V 



1+* + 



.*1*5) *3_(i + 
A 3 



A 2 A 4 



)(1+ 



1 



r) 



A3 \ 1 \- A \c 



A 2 A 3 A 4 ; A X A| 
A, A 



^3 

A 4 



1 + 



A l A 3 A 5 
1 





i A 5 
3 



A. 
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We show the equivalence of our representation with the Tuba-Wenzl represen- 
tation by finding some inversible matrix C G Mat (5, C) such that 



0"i 



Indeed, using (pQ) and (jl]) we get 
A(q) = diag(l 



we get q~ 



A2A4 A3 A2A4 
A1A5 A1A5 A1A5 

A2A4 -—4 



1) = diag(l,g 3 ,q \q 3 , 1), 



AiAs' 9 A1A5 

(A1A2A3A4A5) 1 / 5 we conclude that 



r 



A 2 A 

7 



2^4 
3 



A1A5 
A2A4 



2/5 



A* \ 1/5 



A2A4 



(hence q 1 



g6/5 g -l/5 



A2A4 



). Recalling that 7 



A2A3A4 



_7 
A3 
hence 



A1A5 
A2A4 



A1A5 
A2A4 y 

1/5 



3/5 



AoA 



2^4 



1/5 



\2 

A 3 



g 9/5 g l/5 



A 2 A 



2^4 



2/5 



A! 



q 3/5 q 2/5 _ ^ 



a 2 , 



7" 



7 3 


A2A4 


A1A3A5 


7 2 


A1A5 


7 3 


7 2 


A2A3A4 


7 3 


A3 _ 



g 2 , 



-1A3 



A1A5 A1A3A5 Ac 



A, 



/ 1 (l+q)(l+ q 2 ) (l+q 2 )(l+q+q 2 ) ^ (1+^T 1 )(l+g 2 ) S" 1 ^ \ 



cr 





Vo 



1 -r 1 ^ 



A 



1 q± 

01/ 

/l (l+9)(l+9 2 ) (l+g 2 )(l+5+g 2 ) (l+g)(l+g 2 ) g" 1 ^ \ 



1 1+q+q 2 1+q+q 2 

1 1+q 

1 



1 (l+g)(l+g 2 ) (l+g 2 )(l+<?+</ 2 ) (l+q)(l+q 2 ) 1 





Vo 



-1 A 3 



-1 A 3 



1 ^3 



1 X 

1 



AC 4 (g) 



i 






C^\q)C-,\q) J S 


\0 

where C = C^e^Cs^) and 

11 -i^ 3 
,,. ,1,1,0 — 

Finally we have 




CM = diag(l, 1, 1, q-'-l, 1), CrM) = diag(l, 1, 1, 1, q~^). 

A4 A5 



AC 4 (g)C 5 (g) = C^afC 



af = CTVf where C = diag(l, 1, 1, a" 1 ^ 3 -, a" 1 ^ 

A4 A5 



and hence erf should be as follows erf = C 1 cr^C '. □ 
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11 Representations of B 3 and q— Pascal triangle 



Proof of Theorem 1. Let us first consider the case n — 1. We have 
°i = *i(l)A = ( A ° l\) , where ^(!) = ( o 1 ) , A = ( A » ° ) , 
4 = AV 2 (1) = ( X Ao ) , where a 2 (l) = ( _\ ? ) , A« = ( * ° ) , 

hence 

44 = A Ai ( _°i i ) = A A 1 a 1 (l)a 2 (l), 

*M = ?) = i) (ixS) ( A o° £) = AVi(l)cr 2 (l)A, 

4 44 = 444 = A A X ( _° Aq * ) = A A X ( A o ) ( A o° Ai ) = AoAxS-A. 
This is (|17j) for n—1. Let us show that (|17[) holds for general n e N. 

We first show that ffTTl) : 444 = 4 <7 i (T 2 = AoA n 5'(g)A, is equivalent with 
a x {q)A{q)a 2 {q) = S(q)a^(q), a x {q)A{q)a 2 {q) = a 2 \q)S(q). (106) 
In fact (|17[) is equivalent with 

44 = A A n ^(g)A(4)- 1 and 44 = A A„S(g)A(4)- 1 . 

We have 

44 = A A n 5(g)A(4)- 1 = \ \ n S(q)*i\q), (107) 
44 = A A„5(g)A(4)- 1 = A A n 5'( g )A(7 2 ( g )- 1 (A»)- 1 = 
A«5( g )(7 2 ( ? )- 1 AoA n (AA»)- 1 A = A^S(q)a 2 (q)- 1 A(q)- 1 A, (108) 

(where we used the relation AA* = X X n A(q), see @ and S(q)A = A$S(q)). 
On the other hand we get 

44 = a l {q)AA^ 2 {q) = \ \ n a l {q)A{q)a 2 {q). (109) 

Comparing fjlOTj) with (I109p we conclude that the first equality in (JTTj) and 
the first part of (11061) are equivalent. Further we have 

44 = A«<7 2 (?)<7i(<7)A. 

Comparing fllQ8j) with the latter equation we conclude that the second equality 
in (fT7j) and the second part of (I106p are equivalent. 

To prove (11061) for general n G N, we give in Lemma [291 the explicit formulas 
for erf 1 (5), cr 2 (g) and cr 2 l (q) (compare with Lemma 4.1, Section 3). Let us 
recall also the notation (seeflT])) 

(n — l)n 

q n = q^~, neN. 
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Lemma 29 Let the operator cri(q) = (&i(q)km)o<k,m<n be defined by 
o~i(q)km = C"rr(^)- Then for the operators crf 1 (g), a 2 (q) ando~ 2 l {q) we have 
respectively 

*l(q)km = C:i?(q), a^\q) km = (-l) k+m q m ^ZT (q) (HO) 

and 

C7 2 (q) km = (-l^q&nCFiq- 1 ), o 2 \q) krn = C^q' 1 ). (Ill) 



PROOF. The equality ap(q) km = (-l) fc+m g m _ fc C"Zf (q) is equivalent with 

n n 

£ ^i(?W(g) m = £ C:i r k (q)(-iy +m q m _ r C:i™(q) = 5 km , (112) 

r=k r=k 

and the equality a 2 1 (q) km = C k n (q~ 1 ) is equivalent with the following 

n n 

£ ^{q)krcr 2 \q)rm = £ (-l^g^C^ 1 )^" 1 ) = 5 km . (113) 

r=k r=k 

The identities f )112p and f 1 1 1 3 f) hold however by ( 11201) (see the proof in Section 
8). □ 



We shall prove now f)106p for general n £ N: 

a 1 (g)A(g)a 2 (g) = S(g) ( Tr 1 (g), 

n 

i.e E(Ti(g) fcr A(g) r . r (T2(g)rm = S(q) k , n -kcri 1 (q)n-k,m (114) 

r=0 

and 

(7i(g)A(g)(T 2 (g) = a^ 1 (g)5(g), 

n 

i.e E cri(g) fcr A(g) r . r cr 2 (g) rm = a 2 " 1 (g) fc>n __ m S , (g) n __ mirn . (115) 
Using ([T]) and ffTBj) we have 

S(0.) = (S(q)krn)o<k,m<n, S(q) km = q k 1 ( — l) fc <5fc +mj?1 , 

A(g) = diag (g rn )" =0 , where q^ := gn . 

qrqn— r 
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Then by f TTTU]) . (fTTTD we get 



E ^g)*rA( g w g ) m = E ^(^^(-i)^- 1 ^^ 1 ), (H6) 

r=0 r=0 W 

(S(q)a^(q)) km = S(q) k ^ k ^ 1 (q) n ^ m = q' k l (-l) k (-l) n ~ k+m q m _ n+k Cl~ m (q) 

= (-l) n+m qm - n+k C^- m {q), (117) 

qk 

(a 2 \q)S(q)) km = a? (q) k , n . m S(q) n . m , m = qri?' 1 )^-!)^ (118) 

Using ffTT6|) . fTTTTj) and ffmj) we get flTTD . To prove that (5'(g)(77; 1 (g))fc m = 
(°"^ 1 (Q , )'S'(Q , ))fcm it is sufficient to show that 

Cj(ff) = ffjMfcT *) = — 0<A;<n. (119) 

<?fc<?n-fc 

Indeed if (II 19ft holds we have 



Cfc m (<?) — qkli-mC k m (q 1 ) — - - C k 



qm—n+kqrt 



Comparing fll 17j) and (11181) we conclude that {S(q)a 1 (q)) 

km- 

To prove f 1 11 9 j) it is sufficient to use the definition ([8]) of C k (q) 

r k (n] = (l-g)(l-g 2 )...(l-g") 

n[q) (1 - q)(l - q*)...(l - g*)(l - g)(l - - q^) 

C k n (q- ' 



{l-q- l )(l-q- 2 )...{l-q- n ) 



(1 - g-!)(l - q- 2 )...(l - q~ k )(l - q~ l ){l - g~ 2 )...(l - 

( k — 1) fc 

recall that % = o 2 = gi+2+...+ft-i anc j observe that — — = — 22 — . 
Hence (11141) and fll 1 5j) are both proven, which implies (I106p . □ 

Remark 30 We illustrate the identity MUb}) and Lemma for n = 2,3,4. 
For n = 2 we have by ©, (JTBD and (JIBj) 

^) = GTi). T'to) = (l-riO- ^CM 1 " 



Finally we get 



cTi(g)A(g)<T 2 (g) = 1 1 g- 1 



1 x +g 1 \ / 1 1 \ / 1 \ / 1 
-1 1 I — -11 



i/Vo"o 1 J Ki- 1 -(i+'r 1 ) 1/ V T 1 -(i+g- 1 ) 1 ' ' 



58 



v y 1 v ' Kg- 1 oo/\o o 1 



1 
0-11 

and 

-i /l 0\ / 1\ / 1 

VziqY S(q) = 1 1 oo-io = o -l l 
This is ffT06]) for n = 2. 

For n = 3 we have by ©, jUj) and ([IS]) 

1 (l+g+<? 2 ) (l+</+g 2 ) 1 \ /I -(l+?+g 2 ) g(l+(/+g 2 ) -q 3 

1 (1+9) 1 , err 1 (a) = 1 -(1+ff) <? 

11/' 1 w/ U 1 -1 

01/ \ o o 01 




1 -(l+q- L +q- 2 ) q-^l+q-'+q- 2 ) -q' 3 \ / 1' 

1 /1 , _-1 \ I I \ I 11 11-1(1 

i - ■ ; 

1 / Vg- 3 0. 



Or'Or 1 ))" 



-(1+3 


- 1 ) g- 1 


1 
















1 




-(1+9- 1 ) 




g-^l+g-i+g 










°\ 


1 


, ^ 






1 



/l 0\ /100 0' 

- 2 - 1 (^)= i (i + ;-) i o , A(g)= 

\1 (l+g-i+g- 2 ) (l+g-i+g- 2 ) 1/ \ 1. 



We verify that ( 1 1 6 f) holds, moreover that 

(o o 1' 

q- 1 -(l+Q- 1 ) 1 

-q-' s q^il+q^+q-' 2 ) -(l+q^+q- 2 ) 1 

Indeed we have 



.1 (1+q+q 2 ) (1+q+q 2 ) 1\ Z 1 

^)AW?) = (S i (1 t 9) 1 o"o 9 - 2 S 



X 



1 0\ / 01 

-1 1 \ I -11 

r 1 -(l+g -1 ) 1 0=0 g- 1 -(1+g -1 ) 1 





\ 







V 





















1 





)- 


- l + 


q~ 2 ) 1 










1 * 








-1 





g" 1 





-g~ 


" 3 


0/ 



1/ \0 1. 



and 



-q~ 3 g-^i+g^+g -2 ) -(i+g _1 +g -2 ) i 

1 -(1+q+q 2 ) q(l+q+q 2 ) -q 3 \ 

1 / 

1 \ 

o g- 1 -(1+?- 1 ) i =o r i(9)A(g)a 2 (g), 

■g" 3 g-^l+g-i+g" 2 ) -(l+g-i+g" 2 ) 1 / 

/ 1 < 

^(g) -1 ^?) = i (1+i- 1 ) i o 

Vl (l+q^+q- 2 ) (l+q^+q- 2 ) 1, 

1' 

-11 

q" 1 -(1+g- 1 ) 1 

-q~ 3 q-^l+q-^q' 2 ) -(l+q-i+q" 2 ) 1 












1 








-1 
















q~ 3 












a 1 (q)A(q)a 2 (q). 
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This is (I106p for n=3. For n = 4 we have 



(\ (l+g)(l+g 2 ) (l+q+q 2 )(l+Q 2 ) (l+g)(l+g 2 ) 1' 

1 (l+9+<? 2 ) (1+qW) 1 

1 (1+q) 1 | j 

1 1 

1. 



A(g) 



TV 1 ) 








1^-1^ 



^ 2 (g) = (^V 1 ))" 
V 




1 

g- 1 -d+q- 1 ) 

-"~ 3 q- 1 (l+q- l +q- 2 ) 



1 








1 

-(l+q^+q- 2 ) 



/I 








q~ 3 











g- 4 








q~ 3 





V 





1 


)(1+T 


2 ) g-6 










- 1 ) 




) 















\ 






g-S _ 9 -3 (1+9 -l )(1+? - 2) g _l (1+g -l +9 -2 )(1+? - 2) _ (1+? -l )(1+g -2 ) x / 

^V - 



10 

11 
1 (l+<? -1 ) 1 
1 (l+q- 1 +q~ 2 ) (l+g-i+g- 2 ) 1 

1 (l +? -l + g-2 )(1+9 -2 ) (l +g -l)(l +g -a) 1/ 

,-1^ _ „-l 



hence ai(g)A(g)a 2 (g) = ^(g)^ (g) = tr 2 (q)S(q). 



12 Combinatorial identities for g— binomial coefficients 



Lemma 31 The following identities hold 

n n 

E^(?)(- 1 )* 4 "ViC?(?) = £(-l) l ' + ™g m _^(g)Cf (g) = 5,, 



mj i 



i=0 i=0 



r=0 



g« 



(120) 

CT"'W). (121) 



Remark 32 For g = 1 U20\) and U21\) reduce to the well known identities 
HM) and Hffl) (see JM P-4] and [20, p. 8 eq. (5)]): 



E(-i) J+m (?) (j) = E(-i) i+J (?)(}) = «W> ( 122 ) 

i=0 i=0 
n n 

Ehm™) (:; .;) = £(-im) (ri) = ( n r) ■ ( 123 ) 



i=0 



PROOF. We prove the identities by induction. For n = we have in both 
cases 1 = 1. Let (11201) holds for n £ N. We prove that this holds then for n + 1 
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i.e. 

n+l 

£ C^(g)(-l)*-ViC?(?) = <W < m, j < n + 1. 

For < m,j < n this hold by the assumption. It is sufficient to consider 
m — n + l. We have by f|T3|) 



n+l n+l 

i=Q i=0 

n+l n+l 

Y,(-±Y +J ^C l n\q)Ci(q) + E C^(g)(-l)*^gViC?'(g) = 

i=0 i=0 
n+l n+l 

E(-l)^^Cr 1 (?) (cfcJCg) + g^Ug)) + E Q(g)(-l) i+ Ygi-iCf(g) = 

i=0 i=0 

n+l 

E(-i) i+J ^cr 1 (?)^(?)+ 

i=0 

n+l n+l 
i=0 i=0 

since the sum of the last two terms gives by qiq i+ i_j = q % qi-j- The latter 
relation follows from q n+ i = q n q n . 

Let us suppose that (j!2ip is true for n G N. We prove that then this holds for 
n + l i.e. 

EHr^O?)— ?^(3 _I ) = g *~ (w+1 ~ w) g fc w+1 - m (g)- 

r =0 5n+l 9fc 

Indeed, by f fT3|) the left hand side of the latter equation is equal to 

n+l n+l 

E( a r + & r )(c r + d r ) = Et a »-( c f + d r ) + b r c r + b r d r ] : = 



r=0 r=0 
n+l 



EC-l)"^ (C£2(?) + q n+1 ~ r C^l- r (q)) Ms^L^ 

' gn+i 

QrQn+l—r _i 



r=0 

n+l 

(^ 1 (^ 1 )+?- m ^r-i(^ 1 )) = E(- 1 )" +1 ' r ^n- fc r (?)^^^- 1 ^r(?" 1 ) 

r=0 <?n+l 

n+l 

r=0 *?n+l 
n+l 

r=0 gn+1 

Since g r = qv— i9 r 1 and = g n g n we have 

^n+l-r ffr-ffn+l-r = ^lgj^r-l) = gsgw-j 
gn+1 9n QVi 
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Setting s = r — 1 we get by the assumption of the induction (I12ip 

r=0 s=0 W 

_ gfc-[n~(m-l)] ^n-(m-l) / s _ fffc-fo+l-m) (J n + 1 - m ^g^ 

Qk ' ' Ik 

We prove that I]™=q [ a r(c r + d r ) + b r d r ] = 0. Indeed S™=q a r(c r + d r ) = 

n+l 

E( _ ir+ i-,^ (g) M^ g -_i mCrr i) = 

r=0 Qn+1 

r=0 In 
If we set s — r — 1, use (11241) and g s+ i_ m g m = q s _ m q s ~ m q m = q s - m q s we get 

n+l n+l 

r=0 r=0 5n+! 

^(-l)-^^( g )^g; + 1 1 _ m g--C'-i(^ 1 ) 
r=0 y« 

hence J2r=o Mc r + d r ) + b r d r ] = and (jI2B is proven for general n G N. □ 



13 A q— analogue of the results of E. Ferrand 



Denote by $(g) = 3v(<z) the endomorphism of the space C n [X] of polynomials 
of degree n with complex coefficients, which maps a polynomial p(x) to the 
polynomial p q (X + 1), where for p(X) = J2k=o a kX k we define 

p(X)*& q) p q (l + X) :=jTa k (l+X) k g . 

k=0 

Denote by ^f?(q) = ^ n {q) the endomorphism of C n [X] which maps a polynomial 
p(X) to the following polynomial 

p(X)^ ) Y,dkqk(l-Xr q I 1 k X k , 

k=0 

compare with the expression for \1/ (see Section 3) 

P (x) A (i - x)y (——) = j: a*(l - xr fc x fe . 



62 



Theorem 33 The endomorphisms <&(g) and ^(q) satisfy braid-like relation 
$(g)*(g)$(g) = ty(q)$(q)if?(q). 



PROOF. We have by (JHD 

X k V$ (1 + Xf q = (1 + X)(l + qX)...(l + q^X) = £ g r(r " 1)/2 ^(g)^, 

r=0 

hence $ rfc (g) = g r(r_1)/2 Cfc(g) = q r C r k (q) and by flSj) and jTHJ we conclude that 

$(g) = $ n (g) = A^Kfa) = fa^D* {q)) s . (125) 

Indeed Oi(g) fcm = C"I™(g) hence a{{q) km = C£(g) (we recall that a?- = 
a n _j in _j). For the operator ^ n (?) we get 

X fe ^ 9n _ fc (l - X)fi fc X fc (126) 

n— fc n 
s=0 r=fc 

hence * rfc (g) = (-l^g^g^C^g- 1 ) and by (USD and (DSD we conclude 
that 

\%) = * n (g) = = (A»(g)<7 2 (g))'. (127) 

Indeed a 2 (g) rfc = (-l^V-V^ -1 ), hence a|(g) rfc = (-l)^-^^" 1 ), 
and D s n (q) = diag(g n _ r )™ =0 . We note that 

($- l (q)p)(X)=p q -i(X-l). (128) 

To finish the proof we use Remark 4.4, Section 3, representation (I2T]) . □ 



In the particular cases for n = 2 and n = 3 we get 

= A,(gK(g) = ^ (129) 





111 1 

1 1+g 1+g+g 2 
1 l+q+q 2 
1 





1 


■(- 


(i+g- 1 ) 












1 





(i+g 


- 1 ) 1 


9" 1 


-1 1 




111 1 

1 1+g 1+g+g 2 
q g(l+g+g 2 ) 
g 3 



-(i+g) 





1 

-1 1 



-g(l+g+g 2 ) 

(i+g+g 2 ) 
-1 



-(i+g) 



(130) 
(131) 



~Yl32) 
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